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Abstract

We give a nearly optimal sublinear-time algorithm for apgpmeating the size of a minimum vertex
cover in a graplG. The algorithm may query the degréeg(v) of any vertexv of its choice, and for
eachl < i < deg(v), it may ask for thei*" neighbor ofv. Letting VCopi(G) denote the minimum
size of vertex cover irGG, the algorithm outputs, with high constant success praibatan estimate
\7\C(G) such thatVC,p (G) < \7\C(G) < 2VCopt(G) + en, wheree is a given additive approximation
parameter. We refer to such an estimate &38,a)-estimate. The query complexity and running time
of the algorithm aref)(ci- poly(1/¢)), whered denotes the average vertex degree in the graph. The
best previously known sublinear algorithm, of Yoshida et(&TOC 2009 has query complexity and
running timeO(d* /e?), whered is the maximum degree in the graph. Given the lower bourd(df
(for constant) for obtaining such an estimate (with any constant muttadive factor) due to Parnas and
Ron (TCS 2007, our result is nearly optimal.

In the case that the graph is dense, that is, the number o ési§én?), we consider another model,
in which the algorithm may ask, for any pair of verticesand v, whether there is an edge between
u andv. We show how to adapt the algorithm that uses neighbor quési¢his model and obtain an
algorithm that outputs €2, ¢)-estimate of the size of a minimum vertex cover whose quenyptexity
and running time aré(n) - poly(1/e).
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1 Introduction

Computing the size of a minimum vertex cover in a graph is asitaNP-hard problem. However, one can
approximate the optimal value of the solution to within a tiplicative factor of two, via a neat and simple

algorithm whose running time is linear in the size of the gréhis algorithm was independently discovered
by Gavril and Yanakakis, see e.g. [PS98]).

A natural question is whether it is possible to obtain a ggmor@ximation for thesizeof the optimal
vertex cover in time that isublinearin the size of the grapld’. Since achieving a pure multiplicative
approximation is easily seen to require linear time, we $omu algorithms that compute an estimﬁ@(G)
such that with high constant probability,C,.(G) < VC(G) < o - VCopt(G) + en, for « > 1 and
0 < e < 1, whereVC,, (G) denotes the minimum size of a vertex covetinWe refer to such an estimate
@(G) as an(a, €)-estimateof VC,,,(G). Observe that in the special case when the vertex coverys ver
large, namely C,:(G) = ©(n) (which happens for example when the maximum degree and trage/
degree are of the same order), thern@are)-estimate yields afe + O(¢€))-multiplicative approximation.

Since an algorithm with complexity sublinear in the sizetwf graph cannot even read the entire graph,
it must havequery accesto the graph. In this work we consider two standard modelsiefigs. In the first
model, the algorithm may query the degrke;(v) of any vertexv of its choice, and it may also query the
i*h neighbor ofv (where the the order on the neighbors is arbitrary). In ticersé model, more appropriate
when the graph is stored as an adjacency matrix, the algoitn check in a single query whether there
is an edge between two verticesand w chosen by the algorithm. We focus on the first model, but we
eventually show that our algorithm can be modified to workhim $econd model as well.

Previous work. The aforementioned question was first posed by Parnas anlPRO7], who showed how
to obtain a(2, ¢)-estimate (for any given additive approximation paramefén time ¢©(°s4/<*) whered

is the maximum degree in the graph. The dependence on thenmaxdegreel can actually be replaced
by a dependence afye, whered is the average degree in the graph [PR07]. The upper boudfd(5¢ @/<*)
was significantly improved in a sequence of papers [MR09, 8]O0r109], where the best result due to
Yoshida, Yamamoto, and Ito [YY109] (who analyze an algarithroposed by Nguyen and Onak [NOO08]) is
an upper bound ab(d*/¢?). Their analysis can also easily be adapted to give an uppercbafO(d*/*)
for graphs with bounded average vertex degtee

On the negative side, it was also proved in [PR0O7] that at ladsear dependence on the average
degreed, is necessary. Namel§)(d) queries are necessary for obtaining(ane)-estimate for anyv > 1
ande < 1/4, provided thatd = O(n/a), and in particular this is true far = 2. We also mention that
obtaining a(2 — v, ¢)-estimate for any constant requires a number of queries that grows at least as the
square root of the number of vertices [PR07, due to Trevisan]

Our Result. In this work we describe and analyze an algorithm that coewgput(2, ¢)-estimate of
VCopt(G) in time O(d) - poly(1/e). Note that since the graph contaids/2 edges, our running time
is sublinear for all values af. In particular, for graphs of constant average degree uheing time is inde-
pendent of the number of nodes and edges in the graph, wHeregeneral graphs it is bounded by at most
the square root of the number of edges. In view of the aforéioread lower bound of2(d), our algorithm

is optimal in terms of the dependence on the average degreeaupolylogarithmic factor. Since our algo-

rithm builds on previous work, and in particular on the aitjon proposed and analyzed in [NOO8, YYI109],



we describe the latter algorithm firsiVe refer to this algorithm a&pprox-VC-I .

The Algorithm Approx-VC-I.  Recall that the size of a minimum vertex cover is lower-bathly the
size of any (maximal) matching in the graph, and is uppemnided by twice the size of any maximal match-
ing. This is indeed the basis of the aforementioned fastor-approximation algorithm, which runs in
linear-time. To estimate the size of an arbitrary such makimatching, the algorithm follows the sampling
paradigm of Parnas and Ron [PROQ7]. That is, the algorifipprox-VC-1 selects, uniformly, independently
and at random@(d?/e?) edges. For each edge selected, it callmaximal matching oraclewhich we
describe momentarily, where the oracle’s answers indigatther or not the edge is in the maximal match-
ing M, for some arbitrary maximal matchingt (that is not a function of the queries to the oracle). The
algorithm then outputs an estimate of the size of the maxmathing M (and hence of a minimum vertex
cover) based on the fraction of sampled edges for which thémah matching oracle returned a positive
answer. The number of sampled edges ensures that with higgtach probability, the additive error of the
estimate i9((e/d)m) < en, wherem is the number of edges in the graph.

The main idea of the algorithm follows the idea suggestedNia(8] which is to simulate the answers
of the standard sequential greedy algorithm. The greedyritgh supposes a fixed ranking (ordering) of
the edges irG, which uniquely determines a maximal matching as followsocpeding along the edges
according to the order determined by the ranking, add to taemng each edge that does not share an end-
point with any edge previously placed in the matching. Th&imal matching oracle essentially emulates
this procedure while selecting a random ranking “on the thyit, is able to achieve great savings in running
time by noting that to determine whether an edge is placetiemtatching, it is only necessary to know
whether or not adjacent edges that are ranked lower thanuthent edge have been placed in the matching.
Namely, given an edge:, v), it considers all edges that share an endpoint Wwith') and whose (randomly
assigned) ranking is lower than that @f, v). If there are no such edges, then the oracle retur.
Otherwise it performs recursive calls to these edges, whererder of the calls is according to their ranking.
If any recursive call is answeretkRUE, then the answer ofwu, v) is FALSE, while if all answers (on the
incident edges with a lower rank) is answerad sg, then the answer ofu, v) is TRUE.

Though the correctness of the above algorithm follows tiydoom the correctness of the greedy al-
gorithm, the query and runtime analysis are more difficutie Bnalysis of [NOO8] is based on a counting
argument that shows that it is unlikely that there is a loni péd recursive calls with a monotone decreas-
ing set of ranks. Their bound gives a runtime that is indepahdf the size of the graph, but exponential
in the degreel. However, using that the algorithm recurses according ¢osthallest ranked neighbor,
[YY109] give an ingenious analysis that bounds @yd) the total number of expected recursive calls when
selecting an edge uniformly at random, and when selectiranking uniformly at random. This is what
allows [YY109] to obtain an algorithm whose query complgxitnd running time ar&(d*/¢2).

Our Algorithm.  In what follows we describe an algorithm that has almostirdependence on the max-
imum degreel. The transformation to an algorithm whose complexity dejsemn the average degrées
done on a high level along the lines described in [PRO7]. VBediepart fromApprox-VC-I by performing
the following variation. Rather than sampling edges and@pmating the size of a maximal matching by

1Yoshida et al. [YY109] actually analyze an algorithm for apgimating the size of a maximal independent set. They tpppiya
it to the line graph of a given grapf#, so as to obtain an estimate of the size of a maximal matchimg,hence of a minimum
vertex cover (with a multiplicative cost @fin the quality of the estimate). For the sake of simplicitg describe their algorithm
directly for a maximal matching (minimum vertex cover).



calling the maximal matching oracle on the sampled edgesan®le vertices (as in [PR07]), and we call
avertex cover oracl®n each selected vertex The vertex cover oracle calls the maximal matching oracle
on the edges incident to according to the order induced by their ranking (where thkirey is selected
randomly). Once some edge returrmUE, the vertex cover oracle return®uk, and if all incident edges
returnFALSE, the vertex cover oracle returraLSE. By performing this variation we can take a sample of
vertices that has siz8(1/¢2) rather thaf ©(d?/e?).

Unfortunately, the analysis of [YYI09] is no longer applita as is. Recall that their analysis bounds
the expected number of recursive calls to the maximal magcbracle, for a random ranking, and for a
randomly selected edgédn contrast, we select a random vertex and call the maxinatiimg oracle on
its (at mostd) incident edges. Nonetheless, we are able to adapt thesaaly[YYI09] and give a bound
of O(d) on the expected number of recursive calls to the maximalmragwracle, when selecting a vertex
uniformly at randon.

As a direct corollary of the above we can get an algorithm whipsery complexity and running time
grow quadratically withd. Namely, whenever the maximal matching oracle is called nevaedggu, v),
the algorithm needs to perform recursive calls on the edggdeant tou andv, in an order determined by
their ranking. To this end it can query tli¥d) neighbors ofu andv, assign them (random) rankings, and
continue in a manner consistent with the assigned rankings.

To reduce the complexity of the algorithm further, we show ethnd that for most of the edges that
we visit, allows us to query only a small subset of adjacemgesd Ideally, we would like to make only
k queries wherk recursive calls are made. One of the problems that we eneobiete is that if we do
not query all adjacent edges, then for some edge), we could visit a different edge incident toand a
different edge incident to and make conflicting decisions about the rankinguofy) from the point of view
of these edges. This could result in an inconsistent exatuati the algorithm with results that are hard to
predict. Instead, we devise a probabilistic procedurd, tbgether with appropriate data structures, allows
us to perform queries almost “only when needed” (we elakoopatthis in the next paragraph). By this we
mean that we perform queries only on a number of edges thatdb/élog(d/¢)) factor larger than the total
number of recursive calls made to the maximal matching eratke next discuss our general approach.

As in previous work, we implement the random ranking by assigy numbers to edges independently,
uniformly at random from(0, 1] (or, more precisely, from an appropriate discretizatioi0ofl]). For each
vertex we keep a copy of a data structure that is respongibgeherating and assigning random numbers to
incident edges. For each vertex, we can ask the corresgpddia structure for the incident edge with the
i*h lowest number. How does the data structure work? Concéypttia edges attached to each vertex are
grouped into “layers”, where the edges in the first layer lamelom numbers that are at magt/, the edges
in layeri > 1 have random numbers in the rargfe! /d to 2! /d. The algorithm randomly chooses edges
to be in a layer for each vertex, one layer at a time, startiitly thie lowest layer. Each successive layer is
processed only as needed by the algorithm. If the algoriteodés that an edge is in the current layer, then
it picks a random number for the edge uniformly from the raaggociated with the layer. In particular, it
is possible to ensure that the final random number comes ferrtiform distribution or{0, 1]. In order
to make sure that the same decision is made at both endpédiatsexlge(u, v), the data structures far
andv communicate whenever they want to assign a specific randonbewuto the edge. The algorithm

2\We note that it is actually possible to save one factod efithout changing the algorithmApprox-VC-I by slightly refining
the probabilistic analysis. This would reduce the comesf Approx-VC-I to cubic ind.

3To be more precise, we first give a bound that depends on tisebestiveen the maximum and minimum degrees as well as on
the average degree, and later we show how to obtain a depmnded (at an extra cost of /¢) by slightly modifying the input
graph.



works in such a way so that vertices need query their inciddges only when a communication regarding
the specific edge occurs. Our final algorithm is obtained byimizing the amount of communication
between different data structures, and therefore, makieig tdiscover not many more edges than necessary
for recursive calls in the graph exploration.

Other Related Work. For some restricted classes of graphs it is possible torolbtél, ¢)-estimate of
the size of the minimum vertex cover in time that is a functidronly e. Elek shows that this is the case
for graphs of subexponential growth [Ele10]. For minorefggaphs, one obtains this result by applying the
generic reduction of Parnas and Ron [PR07] to local digeithalgorithm of Czygrinow, Hahtkowiak, and
Wawrzyniak [CHWO08]. Both of these results are generalizgdibssidim et al. [HKNOOQ9] to any class of
hyperfinite graphs. In particular, for planar graphs, thigee @n algorithm that computes(&, ¢)-estimate

in 2roy(1/¢) time. While the running time must be exponentiallife, unless there exists a randomized
subexponential algorithm for SAT, it remains a neat operstiole whether the query complexity can be
reduced to polynomial in/e.

For bipartite graphs, @, en)-estimate can be computeddﬁ(l/ez) time. This follows from the relation
between the maximum matching size and the minimum vertexcaptured by Konig's theorem and fast
approximation algorithms for the maximum matching size J8QYY109].

Ideas similar to those discussed in this paper are used sgiraohsublinear time estimations of other
parameters of sparse combinatorial objects, such as maximatching, set cover, constraint satisfaction
[NOO08, YYIQ9, Yosll]. In the related setting of propertytteg, sublinear time algorithms are given for
testing any class of graphs with a fixed excluded minor andpragerty of graphs with a fixed excluded
minor [CSS09, BSS08, Ele10, HKNOQ09, NS11].

There are also other works on sublinear algorithms for varimther graph measures such as the mini-
mum weight spanning tree [CRT05, CS09, CBB], the average degree [Fei06, GR08], and the number of
stars [GRS10].

2 The Oracle-Based Algorithm

Let G = (V, E) be an undirected graph withvertices andn edges, where we alloé to contain parallel
edges and self-loops. Létdenote the maximum degree in the graph, and lé¢note the average degree.
Consider aanking = : £ — [m] of the edges irG = (V, E'). As noted in the introduction, such a ranking
determines a maximal matchidd™(G). GivenM™(G), we define a vertex cover™(G) as the set of all
endpoints of edges iN™ (G). Therefore VCop < [C™(G)| < 2VCopi, WhereVC,yy is the minimum size
of a vertex cover inG. We assume without loss of generality that there are notewhzertices in, since
such vertices need not belong to any vertex cover. We shalthesshorthandI™ andC™ for M™(G) and
C™(G), respectively, wheu is clear from the context.

Assume we have an oracl@)" for a vertex cover based on a rankingf the edges, wher€O™ (v) =

TRUEIf v € C™(G), VO™ (v) = FALSE otherwise. The next lemma follows by applying an additive @loff
bound.

Lemma 2.1 For any fixed choice af, letC = C™(G). Suppose that we uniformly and independently select
s = @(}2) verticesv from V. Lett be a random variable equal to the number of selected verticas



belong toC. With high constant probability,

t
ICl—en<—--n<|C|+en.
s

Algorithm 1, provided below, implements an ora®l®™, that given a vertex, decides whether € C7.
This oracle uses another oracMO™ (described in Algorithm 2) that given an edgedecides whether
e € M™. Both oracles can determinge) for any edgee of their choice. The oracl®IO™ essentially
emulates the greedy algorithm for finding a maximal matclivased on the ranking). We assume that
once the oracle for the maximal matching decides whethedgaebelongs toM™ or not, it records this
information in a data structure that allows to retrieve ietaBy Lemma 2.1, if we perforr®(1/¢?) calls to
VO™, we can get an estimate of the size of the vertex c@feunp to an additive error ofe/2)n, and hence
we can obtain &2, ¢)-estimate (as defined in the introduction) of the size of aimmim vertex cover irG.
Hence our focus is on upper bounding the query complexityranding time of the resulting approximation
algorithm whenr is selected uniformly at random.

Algorithm 1: An oracleVO™ (v) for a vertex cover based on a rankingf the edges. Given a vertex the
oracle returngrRUE if v € C™ and it returnsALSE otherwise.

1 Letey,...,e bethe edges incident to the vertei order of increasing rank (that is,
7T(€i+1) > W(ei)).

2 fori=1,...,tdo

3 if MO™(e;) = TRUE then

4 | return TRUE

5 return FALSE

Algorithm 2: An oracleM O™ (e) for a maximal matching based on a rankingf the edges. Given an edge
e, the oracle returnsrRUE if e € M™ and it returng-ALSE otherwise.

1 if MO™(e) has already been computéiten

2 L return the computed answer.

3 Letey, ..., e be the edges that share an endpoint wijtim order of increasing rank (that is,
7T(€Z‘+1) > W(ei)).
1« 1.
while 7(e;) < 7(e) do
if MO™(e;) = TRUE then
| return FALSE

~N o o b

else
Li<—i+1.

©

10 return TRUE

We start (in Section 3) by bounding the expected number t¢f ozde to the maximal-matching oracle
MO™ in the course of the execution of a call to the vertex-covackerVO™. This bound depends on
the average degree in the graph and on the ratio between tkiemoma degree and the minimum degree.
A straightforward implementation of the oracles would giigan upper bound on the complexity of the

5



algorithm that is a factor off larger than our final near-optimal algorithm. In Section 4 aescribe a
sophisticated method of simulating the behavior of theler®tO™ for randomly selected ranking, which

is selected “on the fly”. Using this method we obtain an altponi with only a polylogarithmic overhead (as

a function ofd) over the number of recursive calls. Thus, for graphs thatchrse to being regular, we get
an algorithm whose complexity '@(d/ez). In Section 5 we address the issue of variable degrees, and in
particular, show how to get a nearly-linear dependence eabrage degree.

3 Bounding the Expected Number of Calls to the Maximal-Matcling Oracle

For a rankingr of the edges of a grap@¥ and a vertex € V, let N(w,v) = N¢(m,v) denote the number

of different edges such that a calMO™ (e) was made to the maximal matching oracle in the course of the
computation ofVO™(v). LetII denote the set of all rankingsover the edges aff. Our goal is to bound
the expected value d¥ (7, v) (taken over a uniformly selected rankingand vertexv). We next state our
first main theorem.

Theorem 3.1 Let G be a graph withn edges and average degrégand let the ratio between the maximum
degree and the minimum degreedirbe denoted by. The average value df (7, v) taken over all rankings

7 and vertices is O(p - d). That is:

%.%.ZZN(W,U)ZO@.J). (1)

nellveV

If the graph is (close to) regular, then the bound we get inoféma 3.1 isO(d) = O(d). However, for
graphs with varying degrees the bound carelgeg?). As noted previously, we later show how to deal with
variable degree graphs without having to pay a quadraticiedke maximum degree.

As noted in the introduction, our analysis builds on the woftkroshida et al. [YYI09]. While our
analysis does not reduce to théjri uses many of their ideas. We start by making a very simpteibeful
observation about the maximal matching orad@®™ (Algorithm 2), which follows immediately from the
definition of the oracle.

Observation 3.2 For any edgee, consider the execution 6O™ one. If in the course of this execution,
a recursive call is made tdIO™ on another edge’, then necessarilyr(¢/) < w(e). Therefore, for any
consecutive sequence of (recursive) calls to edges. , ey, m(ey) > mw(ep_1) > ... > m(eq).

In order to prove Theorem 3.1 we introduce more notation. dyredgee € E, we arbitrarily label its
endpoints by, (e) andv,(e) (where ife is a self-loop then, (e) = v,(e), and ife ande’ are parallel edges,
thenwv,(e) = v,(e’) anduy(e) = vy(e')). For a rankingr and an index, let ;. denote the edge such that
m(e) = k.

We say that an edgeis visitedif a call is made ore either in the course of an oracle computation of
VO™ (ug(e)) or VO™ (u(e)) (that is, as a non-recursive call), or in the course of anlere@mputation of

“Indeed, we initially tried to find such a reduction. The maifficLity we encountered is that the vertex cover oracle, nvhe
executed on a vertex, performs calls to the maximal matching oracle on the edggdent tov until it gets a positive answer (or
all the incident edges return a negative answer). While ttadyais of [YYI09] gives us an upper bound on the expectedlyem
of recursive calls for a given edge, it is not clear how to usehsa bound without incurring an additional multiplicatisest that
depends on the degree of the vertices.



MO™(¢’) for an edge:’ that shares an endpoint withas a recursive call). For a vertexand an edge, let
X™(v,e) = XZ(v,e) equall if e is visited in the course of the execution 6O™ (v). Using the notation
just introduced, we have that

N(m,v) = ZX”(v,e). 2

ecE

Observation 3.3 Lete = (v, u). If X" (v,e) = 1, then for each edge’ that shares the endpointwith e
and for whichr(¢') < 7(e) we have thaM O™ (¢/) = FALSE.

To verify Observation 3.3, assume, contrary to the clairat there exists an edgé as described in the
observation andIO™(¢) = TRUE. We first note that by Observation 3.2, the edgeannot be visited in
the course of an execution dfO™ on any edge” = (v, w) such thatr(¢”) < m(e) (and in particular this
is true fore” = ¢’). SinceVO™(v) performs calls to the edges incident«tan order of increasing rank,
if MO™(¢’) = TRUE, thenVO™(v) returnsTRUE without making a call taVfO™(e). This contradicts the
premise of the observation that™ (v, e) = 1.

The next notation is central to our analysis. ko [m] and a fixed edge:

Xi(e) = Y (X7 (valm). ) + X" (vp(m), ) - ®)

mell

Thatis, Xy (e) is the total number of calls made to the maximal matchingleraic the edge when summing
over all rankingsr, and performing an oracle call to the vertex-cover oraadenflone of the endpoints of

7. Observe that
D Xile) = D) deg(v) - X7(v,e) ()
k=1

TellveV

wheredeg(v) denotes the degree ofin the graph, and for simplicity of the presenation we couwathe
self-loop as contributing to the degree of the vertex. We next give an upper bound ga).

Lemma 3.4 For every edge and everyk € [m]:
Xip(e) <2(m -1+ (k—1)-(m—2)!-d. (5)
In order to prove Lemma 3.4, we establish the following lemma

Lemma 3.5 For every edge and everyk € [m — 1]:
Xir1(e) — Xp(e) < (m—2)!-d. (6)

Before proving Lemma 3.5, we show how Lemma 3.4 easily faldrom it.
Proof of Lemma 3.4: We prove the lemma by induction @&n For the base casg,= 1,

Xi(e) = Y (X (walm), €) + X7 (up(m), e)) - @)

™

By the definition of the vertex-cover oracle, when startiranf eitherv, (71 ) or from v, (), only a single
call is made to the maximal matching oracle. This call is @dtiger;, which returnstRUE without making



any further calls, because all edges (that share an endpibinir;) have a larger rank. This implies that if
e = mp, then X7 (v, (m1),e) = X" (vp(m1),e) = 1, and otherwiseX™ (vy(m1),e) = X™(vp(m1),e) = 0.
For any fixede, the number of rankings such that = 7; is simply (m — 1)! and soX; (e) = 2(m — 1),
as required.

We now turn to the induction step. Assuming the inductiondtlgpsis holds fok — 1 > 1, we prove it
for k£ > 1. This follows directly from Lemma 3.5 (and the induction lyipesis):

Xi(e) < Xg-a(e)+(m—2)!-d (8)
< Um—1)+(k=2)-(m=2)-d+(m—2)-d ©)
= 2m—-)+(k—-1)-(m—-2)!-d, (10)

and the lemma is establishedll

Proof of Lemma 3.5: Throughout the proof we fix ande. For a rankingr, let 7’ be defined as follows:
Thy1 = Tk, T, = Trp1 andm’; = m; for everysj ¢ {k, k + 1}.

Observation 3.6 If 7 and 7’ are as defined above, then for each edgehererw(e) < k (and therefore,
7'(e) < k): MO™(e) = MO™ (e).

Observation 3.6 is true due to the fact that(é) < k then by the definition of’, we have that’(e) = 7 (e).
Since in a recursive call we only go to an edge with a lower r@de Observation 3.2), we get that the
execution ofMO™ (e) is equivalent to the execution MO”'(e).

We shall use the notatidiy, for those rankings in which 7 andry_; share a common endpoint. Note
that if 7 € 11, thenn’ € I as well (and ifr ¢ IIj, thenn’ ¢ II;). For two edgeg = (v1,v2) and
¢/ = (vg,v3) (which share a common endpoint), we letv.(e,e’) = v.(e',e) = vy (‘¢’ for ‘common’)
andvg(e, ') = vy, v4(e’, e) = vs (‘d’ for ‘different’). If e ande’ are parallel edges, then we let(e, e’) =
vg(e’,e) bev,(e) = v, (e') anduc(e, e') = v.(€', e) bewvy(e) = vy(e). If e is a self-loop on a vertey that
is also an endpoint af (so thatv, = v1), thenv,(e, ') = v.(e, e') = vy.
Forany edge and forl < k <m —1,

Xpt1(e) — Xi(e)
= D (X almis),0) + X7 (w(min)€)) = D (X7 (walme), ) + X7 (wy(me) ) (A1)

- ZH (X" (va(mes1), €) + X" (vp(mis1) €)) —é (X7 (valme). ) + X" (wn(mi). )
+ ; ( (Vo (Ths1), )+X”(vb(7rk+1),e)> — 2; (X”(va(m),e)+X“(vb(m),e)) 12)
= zjx (Ve(Tht1, Th),s Zr; X" (ve( wk,mﬂ)ﬂ%)k (13)
:-E kzr;X (va(Trst, Th), N kZH:X (va(my, 1), €) (14)
+ %;( (Vo (Ths1), )+Xﬂ(v:(7rk+1),e)) - %; (X”(va(m),e)+X“(vb(m),e))-(15)



By the definition ofv.(-, -), for everyr € I, we have thav.(mxi1, Tk) = ve(mg, Tp+1) and so

X (ve(Ths1, 7r)s €) = X (Ve(mh, Try1)s€) (16)

implying that the expression in Equation (13) evaluate8. t8incen’ e 11, if and only if 7 € II, we get
that

Z X" (va(Tpt1, T8), Z X7 Ud(ﬂk+1,7Tk Z X" Ud(ﬂk+1,7Tk) e), 17)
melly 7' €lly, melly
and
> (X almiin) €) + X7 @p(mesa) 0l = 3 (X7 @almhia)s ) + X7 (0p(mhi)se))
ﬂﬁénk W’ink
= 3 (X7 walhin)s0) + X (wy(mpia)e)) . (18)
Il
Therefore,
Xia(e) = Xp(e) = > X7 (va(mhry,mh)r€) = Y X7 (valmh, mhp1), €)
melly, melly
£ 3 (X ). )+ X () )
W%Hk
= > (X alm), ) + X7 (wy(me) €)) - (19)
W%Hk

The next useful observation is that for every 11, (and for every andj € {a,b}),

X7 (vj(mhs1)s€) = X (vj(mp) ) - (20)

This follows by combining the fact that;(w; ;) = v;(m;) with Observations 3.2 and 3.6.
By combining Equation (19) with Equation (20) we obtain that

Xk+1( ) Xk Z Xv7r vd(ﬂk+1,ﬂk Z X ’Ud 7Tk,7Tk+1) ) (21)
melly melly

Therefore, we need only consider executions in which thestiyidg rankingsr and«’ belong toll,,
and the execution starts from the verigxz') = vq(m, ;, 7,) = va(mk, Tr41). We shall use the shorthand
notation vy (1) = we(my, 1, 7,) = ve(mp, Tpy1), andvs(n’) = va(my, 7, 1) = va(Try1, 7). For an
illustration, see Figure 1. We shall make use of the follgéimple observation.

Observation 3.7 Lete be a self-loop. For any vertexand rankingm, if in the course of the execution of
VO™ (v) a call is made ta\IO™ (e), thenM O™ (e) = TRUE.

Observation 3.7 is true since if a call is madeM®™ (e) wheree is a self-loop, i.e.¢ = (v,v) for some
vertexv, then from Observation 3.3 we know that all other edges emtitlbv with ranks smaller than (e)
returnFALSE. Therefore, by the definition dflO™ we get thatVIO™ (e) = TRUE.

We would like to understand whek™ (v;(7'),e) = 1 while X™(v,(7'),e) = 0. We consider three
possible cases (for an illustration see Figure 2) :



! —
Tyt = Tk = Tt Tt 7 T ,
© v (e
ﬂ-;e-‘rl =Tk ﬂ-;€+1 =T
© () ) @ ()

Y
T = Tk41 7T;€:7I'k+1
’ _ 7"; = Tk
( ) Thr1 = Tk
€
T = Tht1 T = Mhot1

Figure 1:Anillustration for the various cases in whiahe II;, (i.e., 7}, andn;_ , share at least one endpoint) and we

need to compare the executions\@d™ (vy (7)) andvO™ (v1(n")) (wherevy (1') = va(m) 1, 7)) = va(Tk, Trr1))-
We refer to the different cases (a)—(f) in the analysis.

1. e = (vy (), va(n")) (SO thatr’(e) = k + 1 andnw(e) = k). In this case, ifX™ (vi(7'),e) = 1,
then X7 (v;(n'),e) = 1. To verify this, note that ifX™ (v;(7'),e) = 1 then by Observation 3.3,
MO™ (¢/) = FALSE for each edge’ whereuv, () is one of its endpoints and(¢/) < k + 1. By
applying Observation 3.6 we get that for each edgguch thatr(¢’) < k we have thaMO™ (¢/) =
MO™ (¢/). Therefore, for each edgé such thatr(e') < k andw, () is one of its endpoints we have
thatMO™ (¢/) = MO™ (¢') = FALSE. HenceX™ (v (n'), ) = 1.

We note that ifr;, is a self-loop (see cases (c) and (f) in Figure 1), then by @bten 3.7 we have
thatMO™ (r},) = TRUE. By the definition ofVO™ this implies thatr; ., = e will not be visited in
the course of the execution 0™ (v; (7)), so thatX™ (v, ('), e) is necessarily.

2. e = (vo(n'),v3(n")), (so thatr(e) = k + 1 andn’(e) = k). In this case it is possible (though not

necessary) thaX ™ (v ('), e) = 1 and X7 (v (7'), e) = 0.

3. e & {(n(n),va(r)), (v2(7'),v3(7"))}. In this case it is also possible (though not necessary) that
X™ (v1(n'),e) =1 and X7 (v (n'),e) = 0.

Out of all cases illustrated in Figure 1, this is possibleydnicases (a) and (b). We next explain why
it is not possible in all other cases.

e Case (C). I'VO™ (vy (")) visits e before it visits,, then so doe& O™ (v; (")) (from Observa-
tion 3.6). OtherwiseYO™ (v, (7)) visits ), first, but since itis a self-loop, from Observation 3.7
we have thaMO™ (r},) = TRUE. By the definition of O™ we get thatX™ (v; ('), ¢) = 0.

e Case (d). IfVO™ (vy(n')) visits e before it visitsm), ., then so doe¥’O™ (vi (') (from Ob-

servation 3.6). Otherwise, WO™ (v, (') visits T4, @ande in the same sequence of recur-
sive calls without visitingr,, then so doed/O™ (v (7’)). If there is no such sequence, then
VO™ (v (') will visit 7, ., andn,. Sincer, is a self-loop, from Observation 3.7 we have that
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MO”’(W;) = TRUE, implying thatMO”’(w,;H) = false. Therefore, the sequence of recur-
sive calls that visite in the execution oV O™ (v, (')), starts from an edge incident tq(=”)
whose rank is greater than+ 1, and the same sequence of calls is made in the execution of
VO™ (vy (7).

e Case (e). Since the edges are parallel, if there is a sequémeeursive calls that visits in
the execution oV O™ (v; (7)), then there is such a sequence in the executiovi@f (v, (),
where the only difference is that the first sequence inclugewhile the second includes
(which are parallel edges).

e Case (f). IfV O’T'(vl (7)) visits e in a sequence of recursive calls that starts with an edgedavi
rank smaller thark, then from Observation 3.6 so wiO™ (v, (n’)). Otherwise, sincer; is a
self-loop, by Observation 3.7, if a call is madel\tt()”'(w;), then it returnsTRUE, causing the

execution of VO™ (v; (7)) to terminate without visiting any additional edges (so thaannot
be visited in a sequence of recursive calls that starts witbdge having rank at leak}.

r_
1. 7Tk—‘,—l =Tk 7T;C = Th+1
e

Mo, = /

2. k+1 = Tk T = Tk+1
e

T =T /

3 k+1 k T = Th+1 .
O/@

Figure 2: An illustration for the three possible (sub-)cases whéne TI;: 1. e = (vi(n'),v2(7)); 2. e =
(va (), v3(7")); 3. e & {(v1 ("), va (")), (va(7’),v3(x"))}. This illustration corresponds to Case (a) in Figure 1,(i.e.
no self-loops and no parallel edges).

For a fixed edge we shall use the following notation for the sets of rankirfga torrespond to the last
two cases described above. Specifically:

o Let II¢! = HZ’I denote the set of all rankings’ € II;, wheree = (ve(n’),v3(n’)) and
X™ (v1(n'),e) = 1. (Here we shall make the worst case assumptionXie, (7'), ¢) = 0).

e LetII ™ = II,° denote the set of all rankings € II; wheree ¢ {(vi(n’), va(7")), (va(7'), v3(7’))}
andX™ (vi(n'), e) = 1 while X7 (v{(7'), e) = 0.

Thus, X4 1(e) — Xy (e) < |TI%Y] + [IT7¢|. In order to upper boundI®!| + |IT7¢|, we consider another set
of rankings:
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o Let [140 = HZ’O denote the set of all rankings’ € II, such thate = (va(7’),v3(n’)) and
X™ (vy(n'),e) =0,

By the definition offI®! andII®?, we have that
&Y + [0 < (m —2)! - d . (22)

This is true since each ranking € I1¢! U I1¢° is determined by first setting’(e) = k, then selecting
another edge incident to the endpainfr’) of e (if e is a self-loop themy (') = v1(7’)) and giving it rank
k+1 (where there are at modeg(vo(7')) —1 < d—1 such edges), and finally selecting one of the possible
(m — 2)! rankings for the remaining edges. We next prove that| < |11¢°|, from which Lemma 3.5
follows.

To this end we prove the next claim.
Claim 3.8 There is an injection fronil ¢ to I1¢°.

The proof of Claim 3.8 is very similar to a proof of a corresgimg claim in [YY109], but due to our need to
extend the proof to a graph with self-loops and parallel edged also due to several additional differences,
we include it here for completeness.

Proof: We start by making the following observations:

Observation 3.9 If 7/ € I1“ and we are in Case (a) as illustrated in Figure 1, then in therse of the
execution ofVO™ (v, (7)) there is a consecutive sequence of recursive calls thatdeslr; , |, 7, ande
at the end. That is, there is a sequence of recursive caliesponding to a path of edgés,,e;—1...¢e1)
such thate, = 7}, ,,e,—1 = 7, ande; = e.

To verify Observation 3.9, note that singec I1™° we know thatX™ (v, (1), e) = 1 and X ™ (v ('), e) =

0. The only difference between the executionV@™ (v; (') and VO™ (vy () is thatMO™ (r,,, ;) can

call MO™ (r},) but MO™ (7}, ) = MO™(r;,) cannot callMO™ (r},) = MO™(m,11). Thus, the only way
thatVO™ (v1 (7)) andVO™ (v; (') will create different sequences of recursive calls is WHE (v; (7))
callsMO™ (7, ;) and thelMO™ (r}, . ,) callsMO™ (r}). Furthermore, these two calls have to be one after
the other, since by Observation 3.2, the ranks can only deerm a sequence of recursive calls.

Observation 3.101f ©’ € 117 and we are in Case (b) as illustrated in Figure 1, then in therse of
the execution oV O™ (v, (') there is a consecutive sequence of recursive calls thatssteith ., and
ends withe (so that, in particular, it does not includﬁgﬁl). That is, there is a sequence of recursive calls
corresponding to a path of edgés_; ... e1) such thate,_; = 7, ande; = e.

To verify Observation 3.10, note that sincec T1¢ we know thatX™ (v, (7’), e) = 1 and X7 (v, ('), e) =

0. The execution oVO™ (v; (7)) cannot visite in the course of a sequence of recursive calls starting
from an edge incident to; (') where the edge has ranking smaller Otherwise, from Observation 3.6
we would get thatvVO™ (v (') also visitse which contradicts the premise that € II™°. We also
know thatVO™ (v; (') cannot visitm, . If it would have, then since it is a self-loop, from Observa-
tion 3.7, MO™ (r,,,) = TRUE, causingVO™ (v;(r')) to terminate without visiting:, which contradicts

X (v1(n'),€) = 1.
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We shall now prove Claim 3.8. Let! be a ranking inll ¢ (so thatr!(e) ¢ {k,k + 1}). By the
definition of I and by Observations 3.9 and 3.10, we have the following. IseGa), the execution of
Vo™ (v1(m1)) induces a sequence of (recursive) calls to the maximal nmgtahiacle, where this sequence

corresponds to a patR = (e, ..., e1) such thate, = m},,, e,-1 = 7}, ande; = e. In Case (b), the
execution ofVO”l(vl (7)) induces a sequence of (recursive) calls to the maximal rimgtciracle, where
this sequence corresponds to a pBth= (ey_1,...,e1) such that, | = w,ﬁ, ande; = e. Since in Case

(b) P is also a path in the graph, we may refer to the patih both cases (and take into account, if needed,
that in Case (b}, = Wli—l is a self-loop and is not part of the sequence of recursivs tt#t reaches).
While we do not know the rankings of the edggs,, .. . e1, we know from Observation 3.2 that they are
in monotonically decreasing order, and that they are allllemthan k. We also know that the path does
not include any parallel edges. This is true since;iinde; _; are adjacent edges in the pdthand they
are parallel edges, then from Observation 3ri(; 1) < 7'(e;). But since they are parallel, they have
the same endpoints, therefore, by the definitiolVof™ and of MO™ , the vertex/edge from which the call
MO™ (e;) was made, would have callédO™ (e, ). Furthermore, with the exception of ., in Case (b),
the the only edge along the paththat might be a self-loop is. Otherwise, from Observation 3.7, the
self-loop will return true, and thus pa#h will not visit e.

We can writeP asP = (m} ), ... T,,)) Whereo (i) = 7'(e;), so thatr(¢) = k + 1 ando (¢ — 1) = k.
We next define a mapping between rankings, such thafr!) = ¥, where we shall show that’ € 1149,
and thatp is one-to-one. The ranking’ is defined as follows by “rotating” the ranks of the edgesofand
leaving the ranks of all other edges asrit). Namely,7°(e2) = k + 1, 7%(e1) = k, andn®(e;) = o(j — 2)
for every3 < j < /. For an illustration, see Table 1. We first verify thais a projection fromiI ¢ to I1¢Y.

€y €r_1 ... | €3 €9 €1 = ¢€
Rankint! | c(f)=k+1|oc(l-1)=k|...|a(3) | a(2) o(1)
Rankinz® | o(¢ — 2) ol —3) o) o) =k+1|0o(l—-1)=k
Table 1: Ranking ofP = (ey, ..., e1) in 7! and in7®

Namely, we need to show that:
o 7 €Iy, ie., 7, andr) share an endpoint(7”), ande = (va(7?), v3(7?)).

o X (v1(7°),e) = 0 (that is, the execution oFO™ (v1(°)) does not create a call tdO™ (¢)). In
other words, (the execution ofJO™" (v1 (7)) does not visit.

The first item directly follows from the definition of’. We thus turn to the second item. Recall that by
our notational conventiony () = vg(wj, |, m}) = v4(ea, e1) (i.€, it is the endpoint that, does not share
with e1) so that it is the common endpoint ©f andes, i.e.,v.(es, e3). Since

7(e3) =0(1) <o) =k +1=n"en), (23)

the execution oVO™ (v1 (7)) will visit e3 before visitinges. Sincer®(e) = k, during the execution of
Vo™’ (v1 (7)), the call toMO”O(eg) will not cause a recursive call MO”O(e).
Observe that in the execution 0™ (v1 (1)), the call toMO”l(eg) creates a recursive call an

(sincee; follows e3 on the pathP). Therefore, it must be the case tMO’Tl(e’):FALSE for everye’ that
has a common endpoint with and such that!(¢’) < o(2). By the definition of,, all edges that are not
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on the pathP have the same ranks i’ and inw!. Therefore, all edges with rank lower thaiil) have
the same rank imr! and in7. It follows that for everye’ that has a common endpoint with and such
thatr! (') < (2), MO™ (¢/) = FALSE. We can conclude thalO™ (e3) = TRUE and soVO™ (vy(7°))
returnsTRUE without visitinge; = e, as required.

It remains to show thap is an injection fromII™ to I1¢°. Assume, contrary to the claim, thatis not
an injection. That is, there are two different rankings# 72 € I17¢ wherep (') = ¢(7?). Let P! =
(e},.€,_1---€1)andP? = (&7 ,e; _, ...e7) be the paths that correspond to the sequence of recursise cal

to the maximal matching oracle, in the execution&6f™ (vy (r!)) andVO™ (v (2)) respectively, where
e} = ef = e, m'(e)) = m(ej,) = k+ 1andn'(ej,_,) = n*(ef,_,) = k (recall that ifr! corresponds to
Case (b), the%1 is a self-loop and is not actually part of the sequence ofrsageicalls that reaches and an
analogous statement holds fet). Let s be the largest index such th@at, el | ...el) = (e2,e?_;...¢ed).
We denote this common subsequencédyes_; . ..e;). Observe that > 2. This is true since: (1) By the
definitions of the paths,} = €2 = ¢, and (2) given thap(n!) = (%) = 7% andr’(ed) = 7%(e2) = k+1,
it holds thate} = 3.

By the definitions ofp ands we have thatr!(e;) = 72(e;) for eachi € [s — 2]. Thus,oq (i) = o9(i)
for eachi € [s — 2], where we shall sometimes use the shorthatd for this common value. For an
illustration, see Table 2.

Rank fromp(7!) | Rank fromg(7?)
7T0(61) 0'1(51—1) =k 0'2(52—1) =k

7T0(62) 0'1(51):]6-1-1 0'2(52) =k+1
T

Ole) | o1(1) oa(1)
71%(es_1) | o1(s — 3) oa(s —3)
70(es) o1(s —2) o9(s —2)

Table 2:Ranks of edges} = ¢?...el_, = ¢2_, are equal int* andr?

The next observation will be useful.

Observation 3.11 For every edge?, if 7'(¢/) < min{oi(s — 1),02(s — 1)} or 7%(¢/) < min{oy(s —
1), 02(s — 1)}, thenw!(¢/) = 72(¢). ThereforeMO™ (¢/) = MO™ (¢') for ¢ such thatr! (¢/) = 72(¢’) <
min{oy(s — 1),09(s — 1)}.

We consider two cases:

1. P?is a suffix of P! or P! is a suffix of P2. Without loss of generality, assume that is a suffix of
P!, so thats = /.

2. Otherwise (neither path is a suffix of the other), assuntkowt loss of generality that; (s — 1) <
oa(s —1).

In both cases, sincé, ; is not onP?, o, when applied tor? does not change the rankingdf, ;. That is,
m(el, ) = m(el, ;). Since (by the definition of) 7(el, ;) = o1(s — 1), we get that

m(es41) = 01(s — 1) =7 (e51) - (24)
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In the first case (wher&? is a suffix of P1), we have thatry(s — 1) = k, while o1 (s — 1) < k, and so
o1(s —1) < o2(s — 1) (= 7*(e3 1)) - (25)

In the second case, this inequality was made as an explgtitgstion.

!
/ _ ™ =Tk
ﬂ-k-&-l =Tk 7T;€ = Tk+1 k+1
) (b) ;C =i .

7r;<:+1 =Tk 7rk+1
o () Y

T = Tl

ﬂ'k = Tk+1
o =T
Tl'k = Tk41 71';v = Tk+1

Figure 3:An illustration for the proof of Claim 3.8.

We thus have that the executioanO’Tz(eg) visits e!_ ; before visitinge2_,. We would like to under-
stand what occurs in the call O™ (el,1). fwe arein Case (b) anB' = (m ., 7}, ¢), i.e.,s =k, then,
sinceel | = 7Tk+1 is a self-loop, from Observation 3.]X/,[O7r2(e§+1) = TRUE. HenceMO™ (€2 = el)
returnsFALSE without visitinge?_; = e, but this stands in contradiction to the definition/ef. If we are in

Case (a), then since the pd®h corresponds to a sequence of recursive calls to the maxiratdhing oracle,
we have that for every edgé that shares an end-point with, ; and such that!(¢/) < oy(s) = 7'(e}),

the call toMO’rl(e’) returnsFALSE. Combining this with Observation 3.11, we get that for evedge
¢’ that shares an end-point witﬁﬂ and such that?(¢/) < oy (s), the call tOMO”Q(e’) returnsFALSE.

By Equatlon (24) we get thatlO™ (e el,1) returnsTRUE. Hence,MO™ (e2 = ¢l) returnsrALSE without
visiting e2_;, but this stands in contradiction to the definition/of. B (Claim 3.8)

Having established Claim 3.8, the proof of Lemma 3.5 is ceteal. W

We are now ready to prove Theorem 3.1.

Proof of Theorem 3.1: Recall thatd denotes the maximum degreédenotes the average degree and
denotes the ratio between the maximum degree and the minshegnee, which is denoted lay,;,, (where
the latter is at least since we assumed without loss of generality that there atisalated vertices). By
combining Equations (2) and (4) and applying Lemma 3.4 (dbaseecalling that we counted each self-
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loop as contributin@ to the degree of a vertex), we get that:

LSS N

mellveV
< ol ;Eki:le(@ .

and we obtain the bound claimed

4 Limiting the Exploration of Neighbor Sets

The analysis in the previous section suffices to show anighgormhose query complexity and running time
are a factor ofi larger than the number of oracle calls that it makes. Thefaditd in this expression is
due to querying all edges that are incident to the endpoinéach edge for which a call to the maximal
matching oracle is made (where, as we explain momentaniBna@om ranking can be selected in an online
fashion).

This section is devoted to a method for selecting incidegesaf low rank efficiently without querying
entire neighborhoods of relevant vertices. By applyingriethod, we reduce the query complexity and the
running time by a factor of almost The main challenges here are to ensure that the ranks ofieteced
edges indeed come from the uniform distribution over allhpgations and that the same decision with
respect to a rank of an edge is made at both endpoints of tlesedg

Replacing a random ranking with random numbers. The oracle construction described as Algorithm 1
and Algorithm 2 uses a random ranking: £ — [m] of edges. We start by replacing a random ranking
of edges with random real numbers(in 1] selected uniformly and independently for every edge F,
yielding a vectorr : E — (0, 1] which we use in the same way as the rankindSince the probability that
two edges are assigned the same real numbgnidenever the oracle compares the ranks of two edges
and¢’, it can check whether(e) < o(¢’), instead of whether(e) < w(¢’), effectively yielding a random
ranking of edges. Since easélfe) is independent, this small conceptual shift allows one teegetes (¢) at
random in an easier manner and to simplify the analysis. @hdtls not possible to generate and store real
numbers in(0, 1], we later introduce a proper discretization.

4.1 A Data Structure for Accessing Neighbors

The oracle described as Algorithms 1 and 2 always colle¢tedgles around the vertex or edge being
considered and sorts them to explore them recursively irasing order of their random numbers. In this
section we introduce a data structure that is responsiblgeperating the random numbers and providing
edges for further exploration in the desired order.

For every vertexo € V, we have a copyiei ghbor s[v] of the data structure. (In fact, a copy for a
given vertex is created when it is accessed for the very fim&.j From the point of view of the exploration
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algorithm, the data structuexposes only one operatiohowest (k), wherek is a positive integer. The
operationnei ghbor s[v].| owest (k) lists edges incident to in order of the random numbers assigned to
them, omitting all appearances of parallel edges or selidcexcept the first one, which has been assigned
the lowest number. For each positikethe operation returns a pdiw, ), wherew is a vertex and- is a
number in(0, 1] U {oco}. If r # oo, then(v, w) is the edge with thé'" lowest number in the above order,
andr is the number assigned to it. Otherwise, the list is shohteank andr = oc indicates the query
concerned a non-existing edge. We present the implementatithe data structure in Section 4.4.

We rewrite Algorithms 1 and 2 to use the data structure, aedegmt them as the oracléO?(v) in
Algorithm 3 and the oracl&1O? (e) in Algorithm 4, respectively.

Algorithm 3: An oracleVO? (v) for a vertex cover based on the input from the data strucheéghbor s,
which assigns edgesrandom numbers (e) (online). Given a vertex, the oracle returnsrRUE if v belongs
to the corresponding vertex cover and it retuFASSE otherwise.

1i=1

2 (w,r) :=nei ghbor s[v].l owest (i)

3 while r # oo do

4 if MO?((v,w)) = TRUE then

5 | return TRUE

1:=1+1

(w,r) :=nei ghbor s[v].I owest (7)

)

8 return FALSE

Algorithm 4: An oracleMO? ((u, v)) for a maximal matching based on the input from the data strast
nei ghbor s, which assigns edgesrandom numbers (e) (online). Given an edgéu, v), the oracle returns
TRUEIf (u,v) belongs to the corresponding matching and it retemsse, otherwise.

1 if MO?((u, v)) has already been computéoen
2 L return the computed answer

3 ky:=1landky =1

4 (wy,r1) :=nei ghbor s[u].l onest (k)

5 (we,72) :=nei ghbor s[v].| onest (k3)

6 while w; # v orws # u do

7 if 11 < 7y then

8 if MO?((u,w;)) = TRUE then return FALSE
9 ki =k +1

10 (w1, r1) :=nei ghbor s[u].l owest (k;)

11 else

12 if MO?((v,wz)) = TRUE then return FALSE
13 ko i=ky+1

14 (we,r9) :=nei ghbor s[v].| owest (k2)

15 return TRUE
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Claim 4.1 Leto be an injection fromE to (0, 1]. Letw : E — [|E|] be the corresponding ranking defined
in such a way that for every edgeo (e) is ther(e)™ lowest number in the st (¢) : ¢/ € E}.

For every vertex, the answer returned byO?(v) (Algorithm 3) is the same as the answer returned
by VO™ (v) (Algorithm 1) provided the operationowest works as specified and gives answers consistent
with o.

Proof: It is easy to verify that the claim holds when there are no Imra
edges. This is true because when there are no parallel edgesequence of calls to
nei ghbor s[v].l owest (1),...,nei ghbor s[v].| owest (k) simply returns the firstt edges inci-

dent tov in order of increasing rank. Furthermore, when called ondgeéu, v), Algorithm 4 effectively
merges the two corresponding lists of adjacent edges tfi@se incident ta, and those incident to) to
obtain a single list sorted according to rank, and makesse®ucalls in the order dictated by the list.

It remains to verify that the same is true when there are lghradiges. For a fixed choice of and
the induced rankingr consider the two trees of recursive calls when callfi@™ (v) (Algorithm 1) and
VO7(v) (Algorithm 3), where the former calls the orad&" (Algorithm 2), and the latter calls the oracle
M¢? (Algorithm 4). When we refer to an edge in in the tree we atyuakan an occurence of an edgedn
on a path of recursive calls.

These trees are both rootedvatand with each edge there is an associated rank (number)naassa-
ciated answer computed by the corresponding maximal nrgadniacle. Recall that each path of recursive
calls from the root to a leaf passes through edges with dgiagaanks (numbers). Furthermore, in both
trees, if an edgéu, v) in the tree is associated with the answerse, then there must be an edge w) (or
(v, w)) adjacent to it in the tree with lower rank (a “child” of thisige) that is associated with the answer
TRUE, and it is the highest ranking child th@t, v) has. If(u, v) is associated with the answerUE, then
all the children of(u, v) in the tree are associated with the answ&rse. It will actually be convenient to
consider the full recursion trees without the “memoizdtinre that we employ (which says that once an
answer is determined for an edge it is not computed again$.ifiparticular implies that for each edge that
is the last edge on a path of recursive calls, the answeriassgavith it must berRUE.

By the definition ofVO?(v) and the operatioh owest , the tree corresponding 607 (v) contains
only edges that have minimal ranking among each set of paealhes that connect a pair of vertices. We
claim that this tree is a “pruned” version of the tree thatesponds t6/O™ (v), in the sense that all subtrees
containing non-minimally ranked parallel edges are rerdpaad the answers associated with the remaining
edges (and hence with the ragtare exactly the same.

Let 77 (v) denote the tree of recursive calls fgO™ (v), and leth be the height off™(v). Starting
from ¢ = h and going up the tree, we show that we can remove all non-nallyimanked parallel edges in
level ¢ of T™(v) without altering the answer for their parent edges. fer h, we claim that there are no
non-minimally ranked parallel edges in the last levellf(v), so that no pruning needs to be performed.
To verify this, assume in contradiction thais a non-minimally ranked parallel edge between vertices
andw wheree is at the end of a recursive path of lengtin 77 (v). Sincee is not minimally ranked, there
should be a “sibling” of in the tree which correspond to the minimally ranked eddeetweenu andw.
Sincer(e’') < 7(e), it must be the case that the answer associatedehithat is,M™(¢’), is FALSE. Bute’
also belongs to level, so thate’ is the last edge on a path of recursive calls, and hence cheraiswered
FALSE.

Assuming we have performed the pruning successfully foleaéls/ < ¢ < h, we show that we can
perform it for level/. Consider a hon-minimally ranked parallel edgketween verticea andwv in level ¢
of T™(v). As argued above, there is a “sibling” efin the tree which correspond to the minimally ranked
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edgee’ betweenu andw. Sincer(e’) < w(e), it must be the case that the answer associated akjithat
is, M7 (¢’), is FALSE. This implies that’ has a childe” in the tree resulting from pruning all non-minimal
parallel edges from level§ > ¢, such thatM™(e”) = TRUE. But sincerr(¢”) < m(€¢’) < m(e), ande” is
also adjacent te, we get thabM™ (e) is FALSE as well. Hence, it is possible to pruadrom the tree without
altering the answer obtained for its parenill

4.2 Implementingl owest : The High-Level Idea

The pseudo-code for the procedlirewest as well as the data structure that it uses, are given in ftelilde
in Subsection 4.4. Here we give a high-level descriptiorr. the sake of simplicity of the presentation, in
this description we assume that there are no parallel edges.

Roughly speaking, the procedurewest for a vertexv is implemented in “batches”. Namely, con-
sidering intervals of(0, 1] of the form (27¢,2=*1] (for i € [d,], whered, = [logd], as well as the
interval (0,2~%]), the procedure does the following. It first decides whichesdincident ta should be
assigned a value in the current interyat?, 2-¢*1]. In this stage each edge is identified with its label (in
{1,...,deg(v)}). The procedure then determines the identity of the othdpeint of each of these edges
by performing a neighbor query, and it assigns the edge &vdlw, w)), selected uniformly at random
from the interval. This assignment is performed unless &iteconstraint is discovered due to information
held innei ghbor s[w], as we explain subsequently. Oncgv,w)) is determined, the other endpoint of
the edgew, is “notified”. That is, the data structureei ghbor s[w] is updated with this new information.
The procedure “opens” a new intenv@—"*+1, 2712 if the indexk it is called with is such that the number
of neighborsw of v whose identity has been revealed and suchdh@t, w)) < 2~ is strictly less thark.
Thus, the procedure performs queries and assigns valuejés éon demand”, but it does so for “batches”
of edges. More precise details follow.

The data structuraei ghbor s maintains two values for each vertex| b, andnext | b (where the
latter is always twice the former). When a vertex is first emtered,| b is set to0 andnext | b is set
to 2~%. Second, the data structure maintains a dictiorssgi gned_nunber , which holds, for those
verticesw that are known to be neighbors of the values((v, w)) that was assigned to the edge between
them (initially, the dictionary is empty). The subset ofizeb in{1,...,deg(v)} that correspond to edges
for which the other endpoint has not been revealed (and dgatdtave an associated value), are considered
unassigned Third, the data structure maintains a list of paius ), wherew is a (known) neighbor of
andr = o((v,w)). This list is sorted in ascending order6$, and it contains exactly those for which
the corresponding is at most b.

If a call is made toei ghbor s[v].I owest (k) with k& > deg(v) then it return3 (v, o). Otherwise, the
procedure does the following until the lengthsadr t ed is at leastk. It first considers those edgés, w)
incident tov that were already assigned a vatuend this value belongs to the interyélb, next _I b] (that
is, assi gned_nunber [w] € (I b,next _| b]). The setting of the value for each such edgey, w) was
performed previously in the course of callnei ghbor sw].| owest (-). Let the corresponding subset of
pairs(w, ) be denoted.

The procedure next selects a subgeof {1,...,deg(v)} containing the labels of those (additional)
edges that it will (tentatively) assign a value inb(next | b]. Putting aside for now the issue of time-
efficiency (which we return to later), this can be done by fligpa coin with bias?€Xt 4 B-1b ingepen-

®Recall that we assume that there are no parallel edges,efwglso) is returned ifk: exceeds the “effective” degree of that
is, counting parallel edges as a single edge.
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dently for each edge label in the subset of unassigned etigéslaFor eacht < T, the procedure now
performs a neighbor query to obtain tH& neighbor ofv. Denoting this neighbor by, let| b’ denote
the lower bound b held by w, that is, in the data structumeei ghbor s[w]. If | b’ < 1b, so that the
lower bound constraint imposed lyis no larger than that imposed bythen the following operations are
performed.

First, a random number in the interval [ b,next | b] is selected uniformly at random, and
assi gned_nunber [w] is set tor. In addition, assi gned_nunber [v] is set tor in the data struc-
ture nei ghbor s[w] (so thatw is “notified” of the revealed edgév,w) as well as the assignment
r = o((v,w))). Finally, the pair{w, r) is added ta5.

If | b” > | b, which means thdtb’ > next _| b (given the way the intervals are defined), then the lower
bound constraint imposed by the end painbf the edge(v, w) does not allow the edge to be assigned a
value in the intervall(b,next _| b], and so effectively its selection tb is retracted. Note that since the
decision whether an edge label is added'tis done independently for the different edges, the end ftdc
not assigningv, w) a value in [ b,next _| b]) is exactly the same as the one we would get if we had the
knowledge in advance (before selectifijy that the corresponding edge labehould not be selected.

After going over all labels in T, the resulting sef of pairs(w, ) is sorted in ascending order o8,
and itis appended to the end of the Bsir t ed. Thus,sor t ed now includes all pairgw, r) such thato is
a neighbor ofv, the value assigned to this edge-jandr < next _| b. The variable$ b andnext _| b are
then updated so that is set tonext | b andnext _| b is setto2-next _| b. Once the length adort ed
is at least, the procedure returrsor t ed[k]. In Subsection 4.4 we formally establish that the distidut
of random numbers the data structuress ghbor s[v] provide access to via the operatibowest (k) is
the same as assigning independently at random a numbertienarigg0, 1] to each edge.

4.3 Generating Random Numbers

In this subsection we describe a random process that geaeeatdom numbers(e) for edges € E. The
procedurd owest applies this process in the course of its executions. Inghwmder of this section7 |
denotes the length of an arbitrary real inter¥alMe do not distinguish open and closed intervals here. For
instance/(0,1)| = [0,1]| = |(0,1]| = |[0,1)| = 1.

Let d be an upper bound on the maximum vertex degree. Wé,set [log d]|. For every edge, the
numbero (e) should be selected independently, uniformly at random fiteerrangg0, 1]. We partition this
range intad, + 1 intervals. We set

I (271,271 fori e [dy],
C 1 (0,27%) fori=d, + 1.

Algorithm 5: A Process for Selecting a Random Number Assigned to an Edge

1 for ¢ «+ d, + 1 downto 2 do

2 L with probability%: return a number selected froffy uniformly at random (and
terminate)

3 return a number selected frofy uniformly at random

We describe our process as Algorithm 5. The process firattsadee of the interval$;, and then selects
a number uniformly at random from this interval. The selmtf the interval is conducted as follows. We
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consider the intervals in reverse order, frdiy +; to Z;. For a considered interval, we decide that the
number belongs to this interval with probability equal te tength of the interval over the sum of lengths of
all the remaining intervals. The process selects eachvadteiith probability proportional to its length, and
since the lengths of all intervals sum up to 1, the numberthti@process returns is uniformly distributed on
the entire interval0, 1].

Corollary 4.2 Algorithm 5 selects a random number from the uniform diatidn on(0, 1].

Note that by simulating a few iterations of the loop in thexabprocess, one can decide that the number
assigned to a given edge is either a specific number less thegqual to2—, or that it is greater thap—*
without specifying it further, for somé Later, whenever more information about the number is néede
we may continue with consecutive iterations of the loop. Assee later, we use the process in our data
structuresei ghbor s[v] to lower the query and time complexity of the resulting vexever algorithm.

4.4 Data Structures

We now describe the data structumesi ghbor s[v]. Each data structureei ghbor s[v] simulates the
random process described in Section 4.3 for all edges intigev in the course of the executions of
nei ghbor s[v].l owest. The data structure simultaneously makes a single iteratfche loop in Al-
gorithm 5 for all incident edges. It may be the case that fens@dge(v, w), the random number has
already been specified. In this case, the result of the iberdédr this (v, w) is discarded. It may also be
the case that this iteration of the loop has already beem tedee of bynei ghbor s[w], the data structure
for the other endpoint of the edge. The data structures conuaiie to make sure that a second execution
of a given iteration does not overrule the first. The datacttines are designed to minimize the amount of
necessary communication. Note that if a data structure doglsave to communicate with a data structure
at the other endpoint of a given neighbor, it does not ever tmknow the neighbor it is connected to with
a given edge, which can be used to save a single query. By Ussgpproach, we eventually save a factor
of nearlyd in the query complexity.

Each data structuneei ghbor s[v] supports the following operations:

nei ghbor s[v].l owest (k): As already mentioned, this is the only operation that isatiyeused by the
oracles (Algorithm 3 and Algorithm 4). It returns a péir, r), where(v, w) is the edge with thé'"
lowest random number assigned to edges incident tonitting a second and furher appearances for
parallel edges, and is the random value assigned (o, w). If » = oo, thenk is greater than the
length of such a defined list.

nei ghbor s[v].l ower _bound(): The operation returns the current lower bound the datatsneiém-
poses on the edges that are incident @nd have not been assigned a specific random number yet.
The set of possible values returned by the procedufelis) {2 : —d, < i < 0}. Let/, be the num-
ber returned by the operation. It implies that the data girecsimultaneously simulated the random
process described in Section 4.3 for incident edges untiaidle sure that the random numbers that
have not been fixed belong t6,, 1].

Furthermore, lefv,w) be an edge in the graph. Lét and ¢, be the numbers returned by the
operation fomei ghbor s[v] andnei ghbor s[w], respectively. If no specific random number has
been assigned t, w), then we know that the random number will eventually be seteaniformly

at random from(max{¢,, ¢,, }, 1].
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nei ghbor s[v].set val ue(w,r): It is used to notify the data structureei ghbor s[v] that the ran-
dom value assigned tw,w) has been set to. This operation is used when the data structure
nei ghbor s[w| assigns a specific random number(tow). Before assigning:, the data struc-
ture nei ghbor s[w| has to make sure that > nei ghbor s[v].I ower _bound(), i.e., it has not
been decided by the data structurei ghbor s[v] that the random number assigneduvtts greater
thanr.

To implement the above operations, each data structergghbor s[v] maintains the following infor-
mation:

| b: The variable specifies the lower bound on the incident edggsatere not assigned a random number
yet. This is the value returned by the operatiasi ghbor s[v].I ower _bound(). This is also the
value at which the simulation of the process generatingaandumber for edges incident tohas
stopped.

next | b: If specific random numbers assigned to more edges are negeabgsanext considered range of
random numbers will bél b, next _| b], andnext _| b will become the new lower bound for the
edges that have not been assigned any random number. Tiaisleas redundant, because its value
is implied by the value of b, but using it simplifies the pseudocode.

assi gned_nunber : Thisis a dictionary that maps neighberof v to numbers ir{0, 1]. Initially, the dic-
tionary is empty. Ifassi gned_nunber [w] = NONE, i.e., there is no mapping far, then no specific
random number has been assigned to any of the ddges yet. Otherwiseassi gned_nunber [w]
is the lowest random number that has been assigned to arliepadge (v, w).

sorted: Thisis a list consisting of pair&w, r), wherew is a neighbor of) andr is the number assigned
to the edggv, w). It is sorted in ascending order 0%, and it contains exactly those for which
the edge(v, w) (with the lowest assigned random number) has an assignddmanumber less than
or equal tolb. For all neighborsy that do not appear on the list, the lowest number assigneayto a
edge(v, w) is greater thanb.

We give pseudocode for all data structure operations asritthgas 6, 7, 8, and 9. We postpone all issues
related to an efficient implementation of the data structoi®ection 4.6. Three of them are straightforward,
and we only elaborate on the operatioa@i ghbor s[v].I owest (k) (see Algorithm 9).

Algorithm 6: The procedure for initializingiei ghbor s|v]
11b:=0
2 next I b:=2"%

3 assi gned_nunber := {empty map
4 sorted:={empty list

Algorithm 7: The proceduraei ghbor s[v].set val ue(w,r)

1 assi gned_nunber [w] :=r
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Algorithm 8: The proceduraei ghbor s[v].l ower _bound|()

1return I b

As long as not sufficiently many lowest random numbers assign edges incident to have been
determined, the operatidnowest simulates the next iteration of the loop in the random predkat we
use for generating random numbers. Léie the intervall b, next _| b]. The operation wants to determine
all random numbers assigned to edges incidentttwat lay in/. First, in Line 2, it determines the random
numbers inl that have already been assigned by the other endpointsrasponding edges. In Line 3, the
operation simulates an iteration of the loop of the randoatgss for all edges incident toto determine
a subset of them that will have numbersiirfunless it has already been decided for a given edge that its
random number is not if). In the loop in Line 4, the operation considers each of theslges. Lefv, w)
be one of them, where is its other endpoint, queried by the operation. In Line &, dperation generates
a prospective random numberc I for the edge. First, the operation makes sure that thistiveraf the
has not been simulated by the other endpoint (the conditidBtep 7). If this is the case, the operation
considers two further cases. 7fis lower than the lowest number assigned to any parallel ¢dge) so
far, the procedure updates the appropriate data structutieshis information (Steps 8-11). If no random
number has ever been assigned to any €dge), the procedure assigns it and updates the data structures
appropriately (Step 12-15). When the operation finishesggover the list of all potentially selected edges
and eventually determines all incident edges with new lowasdom numbers, it sorts them in order of
their random number and appends them in this order to thedist ed. Finally, when sufficiently many
edges with lowest numbers have been determined, the aperaturns the identity of the edge with thé
smallest number.

Lemma 4.3 The lists of incident edges that the data structure$ ghbor s[v] provide access to via the
operation| owest (k) are distributed in the same way as when each edge is assigwiegpendently at
random a number from the range, 1].

Proof: We know from Corollary 4.2 that the random process geneetaadom number from the distribu-
tion (0, 1]. Each data structuneei ghbor s[v] simulates consecutive iterations of the loop in this preces
for all edges incident t@. Consider a group of parallel edgés, w). For each of these edges, the ran-
dom process is simulated by batlei ghbor s[v] andnei ghbor s[w]. We have to show that until the
lowest number assigned to the edges in this group is detech{iwhich happens when it is added to the
list sort ed), then for each edge the decision made in the first simulatiatiers. Why is this the case?
Recall that the random process considers inte@gls1, Z4,, - . .,Z1 as the sources of the random number
in this order. As long as bothei ghbor s[v] andnei ghbor s[w] reject a given interval their decisions
are the same, so the first decision is in effect. Now suppot®uti loss of generality thatei ghbor s[w]
simulates a consecutive iteration of the loop in the randomgss and decides to usgas the source of the
random number for a given edge, w) in Step 3 of the operatiohowest . If nei ghbor s[v] has already
simulated this iteration (the condition verified in Steptfig operation does not proceed. Otherwise, the ran-
dom number assigned to the edge is considered for a new nmmiraodom number assigned to this group
of parallel edges. Note that since the operation keeps atingliterations even after a random number is
assigned, it could be the case for a specific copfpofv) that a new, higher random number is considered,
but it is ignored, because it is higher than the first decjsidnich is the only one that has impact on the list
that the operatioh owest provides access to.
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Algorithm 9: The procedur@ei ghbor s[v].| owest (k)

1 while length(sorted) < kandl b < 1do

2 S = set of pairsw, r) such thassi gned_nunber [w] = r andr € (I b,next | b]

3 T :=subset of 1,...,deg(v)} with each number included independently
with probabﬂﬂyLXi_—‘—E@

4 foreacht € T do

5 w := t*" neighbor ofv

6 r :=a number selected uniformly at random frohb, next _| b]

7 if nei ghbor s[w].| ower bound() <1 b then

8 if H(w,r’) € Ss.t.r <r'then

9 assi gned_nunber [w] :=r

10 nei ghbor s[w|.set -val ue(v,r)

11 replace(w, r’) with (w,r) in S

12 if assi gned_nunber [w] = NONE then

13 assi gned_nunber [w] :=r

14 nei ghbor s[w|.set .val ue(v,r)

15 S=SuU{{(w,r)}

16 SortS in ascending order of their, and append at the end @érted

17 | b:=next_b

18 next I b:=2-next.Ib

19 if length(sor t ed) < k then return (v, co)
20 else returnsort ed[k]

The correctness of the data structure follows from the faat it extends the lissor t ed by always
adding all edges with random numbers in a consecutive iateand it always takes into consideration
decisions already made by data structures for the othemémdgdor these intervals. Bl

4.5 Query Complexity

We now show that the number of queries that the algorithm s&kaot much higher than the number of
recursive calls in the graph exploration procedures. Thewing simple lemma easily follows from the
Chernoff bound and will help us analyze the behavior of tigedthm.

Lemma 4.4 Let X1, ..., X, be independent random Bernoulli variables such that ed¢kequalsl with
probability p. It holds:

e Foranyd € (0,1/2),
ZXi <6-1In(1/9) - max{1l,ps}.

with probability at leastl — §.
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e Foranyd € (0,1/2), if ps > 81n(1/4), then

x, >
2

with probability at leastl — 6.

Proof: Let us first prove the first claim. 16 - In(1/0) - max{1,ps} > s, the claim follows trivially.
Otherwise, there exist independent Bernoulli random tée&Y;, 1 < ¢ < s such that for each

Pr[Y; = 1] =3-In(1/)) - max{1/s,p} > p

since from the definition of: 3 - In(1/5) > 1. ThereforePr[X; = 1] < Pr[Y; = 1]. By this fact and by the
Chernoff bound,

P} X > 2B Y]] < Pi[} Yi>2E]) Vi

exp(—In(1/0) - max{1,ps})
exp(—1n(1/0)) < 6.

VANVAR VAN

The second claim also directly follows from the Chernoff bdu

Pr(> " X; < ps/2) < exp(—(1/2)* - ps/2) < 6.

Definition 4.5 Denote.7; = (J{7' Z;, wherel < i < d, + 1. For example:7; = (0,1] and Jy, 1 =
(0, 1]. We expect that the number of incident edgeswith random numbers it7; to bedeg(v) - | 7.

We now define a property of vertices that is useful in our aialyintuitively, we say that a vertex is “usual”
if the numbers of incident edges with random numbers in §ipesibranges of0, 1] are close to their
expectations.

Definition 4.6 Leta > 0. We say that a vertex is a-usualif the random numbers assigned to edges
incident tov have the following properties for alle {1,...,d, + 1}:

e Upper bound: The number of incident edges with random nusnbey; is

at mostmax{a, o - deg(v) - | Ji| }-

e Lower bound: lfdeg(v) - |J;| > «, then the number of edges with random numberg;iis

at leastdeg(v) - | 7;]/2.

We now basically want to show that the relevant verticesxavsual and later on we will use it to prove
a lower bound.

We define an additional quantity that is useful later in bangdhe total running time of the algorithm.
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Definition 4.7 For an execution of Step 3 of Algorithm 9 where the number ighbers isk andp € [0, 1]
is the probability of selecting each of them, we say thatalidor running it is kp.

We now prove a bound on the query complexity of the algoritimah @ther quantities, which are useful
later to bound the running time. We start by introducing tteemb.emma (Lemma 4.8), followed by proving
Lemma 4.9 which will help us prove Lemma 4.8.

Lemma 4.8 Consider an algorithmA that queries the input graph only via the oracle described\&go-
rithm 1. Lett > 1 be the expected resulting number of calls4rto the oracles described as Algorithm 1
and Algorithm 2. Letl be an upper bound on the maximum degree of the input graph.

Suppose now that we run this algorithm replacing calls toofithm 1 with calls to Algorithm 3. The
following events hold all at the same time with probability- 1/20:

1. The total number of calls to Algorithms 3 and 4J§t)

2. The operatiort owest in data structuresiei ghbor s[v] runs at mosO(t) times.
3. The query complexity of is O(t - log?(dt)).

4. The total toll for running Step 3 of Algorithm 9G¥t - log(dt)).

Before proving Lemma 4.8 we establish the following Lemma:

Lemma 4.9 Assume the conditions of Lemma 4.8. et 100¢, 6 = 1/(40000¢(d + 1)(d, + 1)), and
a = 8-1n(1/4§). The following three events happen with probability Iemt’% for each:

1. The total number of calls to Algorithm 3 and Algorithm 4 @ihded byt'.
2. The first2t’ vertices for which the operatiodnowest is called area-usual.

3. For the first2t’ verticesv for which the operatiort owest is called, the size of the sétgenerated
in the j*» execution of Step 3 of the operation is boundedbynax{1, deg(v) - 27=%}.

Proof: For every group of parallel edges, the operatiamest lists only the edge with the lowest number.
For the purpose of this analysis we assume that the opelfattsrin fact all occurences of a given parallel
edge. The final complexity is only reduced because of thefiattsome unnecessary calls are omitted.

1. Let us bound the probability that one of the above evergs dot occur. By Markov's inequality the
probability that the first event does not occur is boundeq—égy

2. We shall now prove that the firgt’ vertices for which the operatidnowest is called arex-usual.
The total number of vertices that have an incident edge fdchvthe process generating random
numbers is simulated in the above calls is boundedtby(d + 1). The property of being--usual is
a function of only random numbers assigned to incident edges
For J; let X = 377_, X; wherep = Pr[X; = 1] = |Ji|, s = deg(v), i.e. X is the number of all
incident edges to with random numbers i7;. From Lemma 4.4 we get that:

Pr[ZXZ- > - max{1,|J;|deg(v)}] = Pr[ZXi > 8- 1In(1/6) - max{1, ps}|

< Pr[z X; >6-In(1/9) - max{1,ps}] < o
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Also, from Lemma 4.4 we get that:

ZX deg "7’ = ZX<—

i.e. v is not a-usual because of7; with probability less thar2é. From union bound on all all €
[d. + 1] we get that vertex is nota-usualwith probability less thad(d, + 1).

Using the union bound again, this time over the verticesdeni to edges for which the random
process is run, the probability that any of them is maisual is bounded by

2t - (d+1) - 25(dy + 1) = 400t5(d + 1)(dy + 1) = 00"

3. We need to prove that for the fir&t’ verticesv for which the operation owest is called,
the size of the sef’ generated in thg'" execution of Step 3 of the operation is bounded by
o - max{1,deg(v) - 27 7%},
Let v be one of the firskt’ vertices for which the operatiomei ghbor s[v].I owest is called. Ob-
serve that in thg" iteration of the loopwhile, (next | b—I b)/(1—1 b) is at mosg/—%. Therefore,
it follows from Lemma 4.4 that for each € {1,...,d, + 1}, the size of the sef’ in Algorithm 9
selected in thg*™™ execution of Step 3 is bounded by- max{1, deg(v) - 27~%} with probability
1 — 4. By the union bound over ajl and the first’ vertices, the probability that the third event does
not occur is bounded by

1

2t (dy +1)6 = 200¢(dy + 1) - 1/(40000¢(d + 1)(d, + 1) < 00

|
Summarizing, the probability that at least one of the thremes does not occur is bounded by

3 1

— <
100 20
Let us now prove Lemma 4.8 assuming that the events in Lem#énacéur.

Proof of Lemma 4.8:

1. We need to prove that the total number of calls to Algor&t8rand 4 iO(t). This follows directly
from Lemma 4.9, we proved it there fér= O(t).

2. We need to show that the operatibowest in data structuresiei ghbor s[v] runs at mosO(¢)
times.
The total number of verticesfor which the operatiomei ghbor s[v].| owest is called is bounded
by 2t/, because a call to one of the oracles (Algorithms 3 and 4)inegjcalling the operation
| owest for at most two vertices. It follows from the implementatiohthe oracles that the op-
erationnei ghbor s[v].| owest is executed at mostt’ = O(t) times if the number of oracle calls
is bounded by’ (which was proved in Lemma 4.9). This is true because in Allgor 3 we call
nei ghbor s[v].l owest once and in Algorithm 4 we caliei ghbor s[v].| owest twice.
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3. We will now show that the query complexity @fis O(t - log?(dt)).
For each vertex, denotek, € [0, deg(v)] the number of times we catliei ghbor s[v].| owest (k)
onwv. We assume that if the operation is not executed for a giveexehenk, = 0. It holds that:

Z K, < 3t'

veV

We now attempt to bound the query complexity necessary tocutge the operation
nei ghbor s[v].l owest for a givenv such that, > 0. Note that the expected number of edges with
random numbers in a give; is deg(v)/2:~!. Recall that from Lemma 4.9 we know that the first
2t’ vertices for which the operatidnowest is called arex-usual. From the lower bound efusual
(Definition 4.5) we get that lfleg(v) - |7;| > «, then the number of edges with random numbers in
J; is at least
deg(v) - |Jil/2.

Therefore, if

deg(v) - |Ji| = deg(v)/2"! > max{2a, 2k, }

then the number of edges with random numberg;irs at least

max{2a, 2k, }
2

i.e. if i is such thatleg(v) /2!~ ! is at leastmax{2a, 2k, }, then at least, edges incident te have
random numbers i;. This also holds foi such thatdeg(v)/2~! > 2ak,. Leti, be the largest
integeri such tha! < dzg—k(:) (remembeli = d,1,d, ---). Sincei, is the maximum that satisfies
this, then

= max{a, ky} > ky

givtl < deg(v) L giv o deg(v) L gie o 20k,
ok, 2ark, deg(v)
The body of the loogvhile in Algorithm 9 is executed at most, + 2 — i, times forv (remember
we start fromi = d,1), independently of how many times the operation is exectded, because
all relevant edges incident to are discovered during these iterations. From Lemma 4.9 voevkn
that the size of the séf in Algorithm 9 selected in thg'" execution of this loop is bounded by
o -max{1,deg(v) - 2%}, Furthermore, the sum of sizes of all sétgenerated for is bounded by

dy+2—1y
Y a-max{ldeg(v) - 27"} < a(d. +1) +2a - deg(v) - 27
j=1
< aldy +1) + 1602k,

This also bounds the number of neighbor queriesfoBince these are the only neighbor queries in
the algorithm, by summing over allwith &, > 0, the total number of neighbor queries is bounded

by
2t a(d, +1) + Y 160%k, < 200at(dy + 1) + 1607 - 300t = O(at(d, + a)) = O(t - log?(dt)).
veV
(Recallt’ = 200t and that)_ _, k, < 3t'). Note that degree queries appear only in Step 3 of the
operatiomei ghbor s[v].| owest with one query to discover the size of the set from which asubs

is selected. The number of degree queries is in this casealbdlby the total number of executions of
Step 3, which is at mogd(t - log d). Summarizing, the total query complexityGyt - log?(dt)).
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4. Finally, we need to prove that the total toll for running$8 of Algorithm 9 isO(¢ - log(dt)). Recall
that the toll is defined akp wherek is the number of neighbors apds the probability to selecting
each of them in an execution of Step 3 of Algorithm 9. Usingiargnts as above, the toll for running
Step 3 in the operationei ghbor s[v].I owest for a givenv is bounded by

QR 2ak
j—d 2—iy v
jE:1 deg(v) - 277% < 2-deg(v) - 2 < 8-deg(v) - dog ()

= 16ak,

By summing over all vertices, we obtain a bound on the total toll:

> 16ak, < 4800at = O(t - log(dt)).
veV

4.6 Efficient Implementation

We have already introduced techniques that can be usedwasihapproximation algorithm whose query
complexity has near-linear dependence on the maximum eédgriénfortunately, a straightforward imple-
mentation of the algorithm results in a running time with @omately quadratic dependence énThe
goal of this section is to remove a factor of approximatéliyom the running time of the algorithm. Our
main problem is how to efficiently simulate Step 3 in the ofieral owest . Note that Step 3 is sampling
from a binomial distribution.

First, in Lemma 4.11, we prove that there is an algorithm taatt simulate a binomial distribution which
runs in efficient time. Finally, in Theorem 4.13, we will shdww to use it in our algorithms and how to
bound the running time b@(t - log®(dt)).

We start by defining the binomial distribution.

Definition 4.10 We write B(k, p), wherek is a positive integer angg € [0, 1], to denote theébinomial
distribution with success probabilityon {0, 1,. .., £} distributed astzl X;, where eachX;, 1 <i <k,
is an independent random variable that equalsith probability p, and0 with probability 1 — p.

It is well known that the probability that a value drawn frohe tbinomial distributionB(k, p) equalsg
is (l;)pq(l — p)*~49. We now show how to efficiently sample from this distribution

Lemma 4.11 Leta, b, k, and ) be positive integers, where < b and () > 1, that can be represented in
the standard binary form, using a constant number of machioels. There is an algorithm that takes

b, k, and @ as parameters, runs i(max{ka/b, 1} - log Q) time, and outputs an integer selected from a
distribution D on {0, 1, ..., k} such that the total variation distance betweBrand B(k, a/b) is bounded

by1/Q.

Proof: If a = b, then the algorithm can return the trivial answerl(l) time, so we can safely assume for
the rest of the proof that < b. Letp = a/b and letg; = (’;)pi(l — p)*~% be the probability of drawing

i from B(k,p). Lets = min{6 - In(2Q) - max{1, ka/b}, k}. For eachi < s, we compute a real number
¢; € [0,1] such thaiy; — ¢/ < 1/2(k +1)Q and}_;_, ¢, = 1 (details about how to compute thogeare

29



given in Lemma 4.12). Then we select the output of the algarifrom the distribution given by;’s. We
write D to denote this distribution.

Let us bound the total variation distance between thisidigion andB(k, p). It suffices to show that
for every subsets of {0, ..., k}, the probability of selecting an integer fraghin B(k, p) is not greater by
more thanl /@), compared to the probability of selecting an integef ifiom D. Consider an arbitrary such
setS. LetS; be the subset o consisting of numbers at most Let Sy be the subset of consisting of
integers greater than We have

/ / 1 1
Zqi>zqi>z<%w>>(2%)2@. (29)

€S i€S] i€S] IS

Recall thatX; = 1 with probability p. If s = k then

Pr[Z:Xi > 5| = [in > k] =0

If s =6-1n(2Q) - max{1, ka/b} then we defing = and from Lemma 4.4 we have that

L
70"
& 1
Pr[; >6- ln(g) -max{1,pk}] < ¢
Hence,

k
1

P —
r[i; > 5] < 20

In other words: the probability that a number greater thabeing selected fronB(k, p) (i.e. sX;'s are

1) is bounded b)é—lQ. Therefore,
g g | < — (30)
' 2Q

From 29 and 30 we get:
Sz (Ya| -t (Y] - (Ya) -
ieS o €Sy Z 2Q i 2Q ~ ' Q’

Therefore,

which proves our Lemma. Next, in Lemma 4.12 we will also shioat the running time of the algorithm is
O(s) = O(max{k3,1}1log(Q)). W
We now describe how to compute valugshat are approximation tg.

Lemma4.12 Recall:a < b,p = a/bandq; = (’;)pi(l — p)k~7 (probability of drawingi from B(k, p)).

Lets = min{6 - In(2Q)) - max{1, ka/b}, k}. For eachi < s, we can compute a real numbgre [0, 1] such
thatg, — ¢, < 1/2(k+1)Q and)_’ ¢, = 1. The total running time i®)(max{ka/b,1} - log Q).
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Proof: Observe that fot < < k:

qi = qi—1 "

k+1—4 p

Lett; = % for 0 < i < s. It holds that forl < i < s:

k+1—1 P

=t =t - : 31
tz tz 1 i 1 —p i—1 i b s ( )
Note that for0 < i < s: o
ti ©
= > q; (32)
ngs t q%zg'gs qj Z
Suppose now that instead ©f we uset; > 0,0 < ¢ < s, such thatt; — ;| < % Then from the
definition of¢; we get:
maXxp<i<s t;
ty >t — ———==—d 33
T AR+ 9
Also:
max0<j<s tj) maxo<;<s tj
t] <(+7=70 t; (34
; 4k +1)2Q + X oty — A+ DR+t ( k+1 ;
We have
maxo<;j<s tj
t . _ b~ Twirg
Zg<st; N (1+m) Z]Ss t]
Z' st'
Qi D j<st ﬁ

(From 32 and tha]fnaXOSsz t; < zjgs tj) >

(1 + m) ’ ngs t

(1 + m) ’ ngs t

. qi
(Sincel + s > 1) > —
(k+1)%Q 1+ 1g) 4k +1)%Q
1 1
> (11— _
= Ak + 1)Q) Ak +1)%Q
1 1
> g — > @ — ———————.
= TR+ DQ  Ak+12Q 1T 2+ 1)Q
So eventually we get that
t! 1
i — =7 < (35)
Di<st PN
s Gt
Also, note thad >, ST 1. |
Therefore, in our distributio®, we will defineq] = ﬁ
J1=s 77

It remains to show how we obtair) with the desired properties. For this purpose, we use flgaioint
arithmetic. Each positive number that we obtain during thegutation is stored as a pdif, &) repre-
sentings - 2 We require thap® < § < 2o+! and|E| < j3, for somea and (3 to be set later. If we can

31



perform all standard operations on these integei3(ih) time, then we can perform the operations on the
represented positive real numberglfil) time as well. We callS asignificandand E anexponent

In particular, to multiply two number§S;, E1) and(Ss, E») it suffices to multiplyS; and.Ss, truncate
the least significant bits of the product, and set the new mxpioaccordingly. If these two numbers are
multiplicative (1 + 4;)- and(1 + J,)-approximations to some quantitié§ and X, respectively, then the
product ofS; and.Ss in our arithmetic is a multiplicativél + (61 + d2 + 9192 + 2-%))-approximation to
X1 Xs. If 61 < 1, then the product is @l + (61 + 252 + 27%))-approximation.

For each of interest, one can easily compute a multiplicative-C'-2~“)-approximation for’%l‘i e
in our arithmetic, wher€' > 1 is a constant. We make the assumption 8@£2* < 1, which we satisfy
later by setting a sufficiently large. Hence we use Equation 31 to obtain a sequence of multiptcat
(1 £ 3Ck2~“)-approximations, for ¢;, where0 < i < s. At the end, we find the maximunj, which
is represented as a pdif;, E;). For all othert;, we no longer require thaff; > 2% and we modify their
representationiS;, E;) so thatE; is the same as in the representation of the maxintjurim the process we
may lose least significant bits of the somer even all non-zero bits. Assuming again thatk2~—* < 1,
the maximum additive errde; — ¢;| we get for eacti for the modified representation is bounded by

3Ck2™% - t; +27¢- mjaxt;» <3Ck27™-t; +2-27%. mftth <(BCk+2)-27%. m]axtj,
where the first error term comes from the multiplicative eme obtain approximating each and the
second error term comes from making all exponents in theesgptation match the exponent of the largest
t'. Finally, we setv = [log((3Ck+2)-4(k+1)?Q)]. This meets the previous assumption thak2— < 1
and the guarantee on the error we may make on ¢aishas desired. Note that sinéeand ) can be
represented using a constant number of words, so can iatefisize at mose**!. To boundg, observe
that every® =" . - lies in the rang€1/kb, kb], which implies that all; lie in [1/kb*, kb*], and the
maximum absolute value of an exponent we need is of aftlérlog(kb)), which can be stored using a
constant number of machine words.

To generate a random number frd we consider only the significands in the final modified repre-
sentation of}’s, and select eachwith probability S;/ >~ . S; = i/ The total running time of
the algorithm iO(s). W

We are ready to prove that the entire algorithm can be imphedeefficiently. We use the algorithm of
Lemma 4.11 for efficiently simulating Step 3 in the operafimwest .

/
j<s Uy

Theorem 4.13 Consider an algorithm4 that queries the input graph only via the oracle described as
Algorithm 1. Lett > 1 be a bound on the expected resulting number of calld o the oracles described
as Algorithm 1 and Algorithm 2, and such thatfits into a constant number of machine words using the
standard binary representation. Létbe an upper bound on the maximum degree of the input graph.

Suppose that calls to Algorithm 1 are replaced with calls tgofithm 3. The oracles described as
Algorithm 3 and Algorithm 4 can be implemented in such a wailith probability4 /5 all of the following
events hold:

e The number of queries to the graph(§t - log?(dt)).
e The total time necessary to compute the answers for theagiithe oracles i€)(t - log®(dt)).

e The distribution of the answers that the oracle givePisuch that for some other distributid®’ over
answers, the convex combinatién D+ % - D' is the distribution of answers of the oracle described
as Algorithm 1.
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Proof: Leta, = d - O(t), whereO(t) is the bound from Lemma 4.8 on the number of vertices for which
the operation owest is called. If the event specified in Lemma 4.8 occurs, thets an upper bound
on the number of edges for which the process for generatindora numbers is simulated. L&t =
O(t) - (de + 1) = O(tlog d), whereO(t) is the same bound as above. Tligrounds the number of times
Step 3 in Algorithm 9 is run, provided the event specified imioea 4.8 occurs. Lep = 200,.

Let ¢, = max{d,, [log(20a2)]}. Since it is impossible to generate and store real numbexgssign
to edges uniform random numbers from thefgg : 1 < i < 2%}, instead of the s, 1]. This can be
seen as selecting a random number fri@ml] and then rounding it up to the next multiplicity df2¢+. In
particular, for everyi € {1,...,2%}, all numbers in((i — 1)/2,i/2%] becomei/2¢-. Observe also that
each rang€; is a union of some number of s€{g — 1) /2, /2], because, > d,. This means that there
is no need to modify the process for generating random nwnbe&cept for selecting a randoh2¢* in a
specificZ;, instead of an arbitrary real number frafn Observe also that as long we do not select the same
numberi/2¢+ twice, the entire exploration procedure behaves in the saayeas in the idealized algorithm,

since the ordering of numbers remains the same.

Note that due to the assumption in the lemma statemeat) be represented in the standard binary form,
using a constant number of machine words. This is also theefoad, because of the standard assumption
that we can address all neighbors of all vertices in neigltpmries. This implies thaf) = O(tlogd)
also has this property. Finally, the probabiliti@g%{—w can easily be expressed using fractiars,
wherea andb are of orderO(d), and therefore, fit into a constant number of machine wordsedis This
implies that we can use the algorithm of Lemma 4.11. Instéatirectly simulating Step 3, we proceed as
follows. First, we run the algorithm of Lemma 4.11 with theoeparamete€) to select a numberof edges
in T'. Then we select a random subset of edges oftsiZéis can be done i0) (¢ log d) time.

We show that the algorithms and data structures can be ingplied in such a way that the main claim
of the theorem holds, provided the following events occur:

e the events described in the statement of Lemma 4.8,

e the rounded numbers assigned to the firstedges for which the process for generating random
numbers is simulated are different,

e the firstb, simulations of the algorithm described by Lemma 4.11 do esult in selecting a random
number from the part on which the output distribution of thgroathm and the binomial distribution
differ.

The first of the events does not happen with probability attrit. This follows from Lemma 4.8.
Consider the second event. The probability that two randambersi/2¢+ are identical is bounded by
1/2% < 1/(20a2). Consider the first, edges for which the process generating random numbers.is run
The expected number of pairs of the edges that have the sadh@manumber is bounded lay - 1/(20a2) =
1/20. By Markov’s inequality, the probability that two of the ezlghave the same random number assigned
is bounded byt /20. Finally, the probability that the last event does not odsusounded byi /20 as well
via the union bound. Summarizing, the events occur with giodity at least4/5.

We now bound the running time, provided the above eventsro®e assume that we use a standard
data structure (say, balanced binary search trees) to airaicillections of items. The time necessary for
each operation in these data structures is of order at medogfarithm of the maximum collection size.
For instance, we keep a collection of data structmreisghbor s[v] for v that appear in our algorithm. We
createnei ghbor s[v] for a givenv only when it is accessed for the first time. Observe that thmebax of
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v for which we have to createei ghbor s[v] is bounded by the query complexi€(t log?(dt)), because
of how we access vertices. Therefore, accessing ractyhbor s[v] requires at mosO () time, where
we write to denote the logarithm of the bound on the query compleXiat is,m = O(log ¢t + log log d).

The time necessary to run Algorithm 3 is bounded®y-), which we need to locate the data structure
nei ghbor s[v] for a givenv, plusO(1) time per each call to Algorithm 4 (we do not include the cost of
running Algorithm 4 or the operationowest here; they are analyzed later). The amount of computation
in Algorithm 3 without the resulting calls to other proceesiis bounded b@(¢ - 7).

Consider now Algorithm 4. In every run, we first spefiflog ¢) time to check if we have already com-
puted the answer for a given edge. Then locating the datetstasnei ghbor s[u] andnei ghbor s[v]
for the endpoints;, andv costs at mos© (7). The running time of the reminder of the algorithm requires
time proportional to the number of recursive calls. Thamfdhe total amount of time spent executing
Algorithm 4 (without calls to other procedures) is boundgdit - 7).

We now bound the running time necessary to execute all opesadf data structuresei ghbor s. The
initialization ofnei ghbor s[v] (Algorithm 6) for a giverw can be don® (1) time plusO(7) time necessary
for inserting the data structure into the collection ofei ghbor s[v]. Overall, since at mosd (¢ log?(dt))
data structures are created, the total time necessantiadiz® the data structuresei ghbor s[v] is O(¢ -
log?(dt) - 7). Setting a value for some edge in Algorithm 7 takes at nigbg d) time to insert the value
into the mapping. This operation is run at most once for evesighbor query, so the total amount of
computation in this procedure @(t - log?(dt) - log d). So far, the total computation time is bounded by
O(tlog3(dt)).

Clearly, running the operation described by Algorithm 8e& (1) time, so overall the total amount
of computation in all executions of Algorithm 8 is not graatiean some constant times the total amount
of computation in the operatiohowest (Algorithm 9). Hence it suffices to bound the total amount of
computation in Algorithm 9, which we do next.

Recall that Algorithm 9 is run at mos$2(¢) times. Therefore all operations in the loagile are run
at mostO(tlog d) times. The total size of sef$ in Step 2 is bounded by the query complexity, and dis-
covering each element ¢f costs at mosO(log d) time, if the data structure assignedmber is properly
implemented, using augmented balanced binary search fféesefore the total cost of running Step 2 is
at mostO(t - logd + t - log?(dt) - logd) = O(t - log?(dt) - logd). In Step 3, we use the algorithm of
Lemma 4.11. The total toll for running the algorithmGg¢ - log(dt)). Therefore, the total time necessary
to simulate all executions of Step 2 is boundedXyt - log d + t - log(dt)) - log Q) = O(t - log?(dt)). The
total number of executions of the body of the Idopeach in Step 4 is bounded by the query complexity
O(t - log?(dt)) times 2. The time required to execute the body of the loop imidated by the following
two kinds of operations. One kind is querying and modifyihg tlata structurassi gned_nunber [w]
and the data structure fé. With a proper implementation (say, augmented balancearpisearch trees)
these operations take at m@stlog d) time each. The other kind of operation is locatimgi ghbor s[w]
for the discovered neighbaw, which takes mos©(7) time. The total computation time for all executions
of the loopforeach is therefore bounded b (t - log3(dt)).

Finally sortingS never takes more thaf(|S| log d) time, becaus¢S| < d, and each element ¢f can
be added at the end of the Isbr t ed in amortizedO(1) time if the list is implemented using extendable
arrays. This amounts 10 (¢ - log?(dt) - log d) in all executions of Step 11. At the end of the operation, the
requested:t" adjacent edge can be returnedifl) time.

Summarizing, the computation of the answers of the oraelkesstat mosO(t - log®(dt)) time, if all
the desired events occur, which happens with probabilitgasdt4/5. Note that when these events occur,
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then also despite rounding random numbers assigned to,etigeisnplementation does not diverge from
the behavior of the idealized oraclell

5 The Near-Optimal Algorithms

Theorem 3.1 gives a bound on the expected number of recuallgeto oracles, sufficient to compute an
answer when the vertex cover oracle is called for a randotexefhe expected number of callsigp - d),
wherep is the ratio between the maximum degegand the minimum degreé,.;,, andd is the average
degree. (Recall that we assume without loss of generalitydh;,, > 1. For isolated vertices, the oracle
answers that they are not in the vertex covedinl) time, and therefore, it suffices to focus on the subgraph

consisting of non-isolated vertices.)

A straightforward application of Theorem 3.1 gives a bouhd@i?) for graphs with maximum degree
bounded byi. We show a bound aP(d/¢) for amodifiedgraph, which is preferable if/e < d, and we also
show how to use the modified graph to obtain an estimate famthemum vertex cover size in the original
input graph. We combine the obtained bound with Theorem #. 4@t a fast and query-efficient algorithm.

Next we show how to obtain an efficient algorithm for the casemvonly the average degree of the
input graph is bounded. Finally, we show how to adapt therdlgn to the dense graph case, when only
vertex-pair queries are allowed.

5.1 Bounded Maximum Degree

As we have mentioned above, we can assumelthat< d. We transform our graph into one with large
minimum degree, so that the ratio of maximum to minimum deggesmall. For a given grapfl = (V, E)
with maximum degree, consider a grapls = (V, E), such that = V UV’ andE = E U E' where
V' and E’ are defined as follows. The sgt contains a “shadow” vertex for each vertex € V, andE’
contains| ed| parallel edges betweanandv’, and8d parallel self-loops for'.

For a random ranking over E, for the output vertex cove™(G) on the new grapli, we are interested
in bounding the size of " (G)) NV as compared t&C,( (G) (the size of a minimum vertex cover 6f).
SinceC™(G) NV is a vertex cover oy, we have thatC™(G) N V| > VC,p (G), and so we focus on an
upper bound fotC™(G) N V/|.

Let F be the set of all parallel edges connecting eaetith the corresponding’. By the properties of

the construction o€7(G) NV, we have
ICT(G) N V| < 2IM7(G) N E|+ [MT(G) N F| < 2VCopi(G) + M7 (G) N F.

Consider an arbitrary ranking of E. Observe that for each € V, the matching\/lﬁ(é) either includes

a parallel edge betweanand’ or it includes a self-loop incident ta'. For everyv’ € V', if the lowest
rank of self-loops incident to’ is lower than the lowest rank of edgés, v'), thenM7 () contains one
of the self-loops, and does not contain any parallel edge’). If the ranking7 is selected uniformly
at random, the above inequality on ranks does not hold fan gatex independently with probability at
mosted/8d = ¢/8. Therefore, the expected number of edgealif(G) N F is upper bounded byn /3.
Without loss of generality, we can assume that> 72, since otherwise we can read the entire input with
only O(1/€?) queries and compute a maximal matching in it. It follows frista Chernoff bound that with
probability 1 — 1/20, [M™(G) N F| < en/A.
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Observe that given query accesgipwe can provide query access@b(in particular, the edges iB’
that are incident to eache V' can be indexed starting frodeg(v) + 1). Every query ta can be answered
in O(1) time, usingO(1) queries taG. Therefore, we can simulate an execution of the vertex+cand the
maximal-matching oracles d.

Note that the expected number of recursive calls to the mebimatching oracle is bounded for a random
vertexv € V by O(d/¢), because the maximum degree and the minimum degree are aithaictor of
O(1/€). Also note that sincél’| = [V|/2, this expectation for a random vertexc V' is at most twice as
much, i.e., itis stillO(d/¢).

For any ranking® of edges inE, if we sampleO(1/€?) vertices fromV with replacement, then the
fraction of those inNC™(G) N V is within an additivee/8 of |C™(G) N V|/|V| with probability at least
1 —1/20. Let u be this fraction of vertices. Therefore, we have that

VCopt(G) —en/4 < p-n < 2VCap(G) + en/2

with probability at least — 1/10. Thus(x + €/4) - n is the desired2, en)-estimate. The expected number
of calls to the vertex cover and maximal matching oraclesisnded byO(d/<®). Note that without loss
of generality,e > 1/4n, because any additive approximation to within an additaetdr smaller than /4
yields in fact the exact value. Therefore the expected numbealls to the oracles is bounded By(n*),
which can be represented with a constant number of machingsvito the standard binary representation,
using the usual assumption that we can address all vertfc® anput graph. By applying now Theo-
rem 4.13, we obtain an implementation of the algorithm. itsrin O(d/e? - log®(d/¢)) time and makes
O(d/€* - log?(d/e)) queries. Moreover, the probability that the implementatitiverges from the ideal
algorithm is bounded by /5. Therefore, the implementation output§2en)-estimate with probability
1-1/10-1/5>2/3.

Corollary 5.1 There is an algorithm that mak«&(;i3 -log? g) neighbor and degree queries, runsﬂ)ﬁei3 .
log® g) time, and with probability2/3, outputs a2, en)-estimate to the minimum vertex cover size.

5.2 Bounded Average Degree

In this section, we assume an upper bodnoh the average graph degree and show an efficient algorithm
in this casé€. To do this, we will transform the graph into a new graph for ethihe ratio of the maximum
degree to the minimum degree is small.

Our first transformation is to automatically add high degreices to the cover, and continue by finding
a cover for the graph that is induced by the remaining vestic®iven a grapl = (V, E) with average
degreed, let L denote the subset of vertices@whose degree is greater thas/c. Hence,|L| < en/8.
Let E(L) denote the subset of edges(ifthat are incident to vertices ih, and letG = (V, E) be defined
byV =V \LandE = E\ E(L), so that the maximum degree @i is at mostSd/e. For any maximal
matchingM in G we have that

VCopt(G) < 2[M|+|L] < 2vcopt(c)+§n'

Thus, the first modification we make to thg oracles is thatafutartex-cover oracle is called on a vertex
such that the degree ofis greater thari4/¢)d, then it immediately returnsRUE.

®As shown in [PRO7], we don't actually need to kndor this purpose, but it suffices to get a bound that is not mhigher
than(4/¢)d, and such that the number of vertices with a larger degrédds), where such a bound can be obtained efficiently.
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The remaining problem is that when we remove the high degeeiices, there are still edges incident
to vertices with degree at most/¢)d whose other endpoint is a high degree vertex, and this is moik
until the appropriate neighbor query is performed. We dat this by adding shadow vertices to replace
the removed high degree vertices. At the same time, we igertiee minimum degree as in the previous
subsection. We now create a gra@h: (Vu V Eu E) as follows. For every ¢ V, we add tol/ a vertex
v’ and vertices)!, wherel < i < [degq(v)/d] anddeg(v) is the degree of in G. Each of these new
vertices ha§2d/e parallel self-loops. Moreover, we adcparallel edges betweerandy’. Finally, partition
the edges incident to in G into [deg;(v)/d] groups, each of size at magt The first group corresponds
to the firstd edges on the neighborhood listafthe second group corresponds to the nkstiges, and so
on. LetE,; C E be the set of edges in tligh group. For every of interest, we addlE, ; N E(L)| parallel
edges betweenandv! and|E, ; \ E(L)| parallel self-loops incident tg. We add these edges so that we
are later able to simulate every query@msing a constant number of queries¥o

Let us bound the total number of verticeslin The number of vertices’ is |V/|. The number of vertices
v/ is bounded by

veV veV

because/ ‘has been created by removing vertices with highest degre€s and the average degree of
vertices inV in G cannot be greater thah the initial average degree. This shows théit <3|V

We now repeat an argument from the previous section thaftdetsig additional edges and vertices,
|C™(G) N V| is likely to be a good approximation Mcopt(G) for a random ranking. First, C*(G) NV
is still a vertex cover for7, S0 VCopi (G) < |C7(G Z)NV|. Let F be the set of edges connecting alvith
the corresponding’ andv/. We have

ICT(G) N V| < 2M7(G) NE| 4+ [MT(G) N F| < 2VCopi(G) + M7 (G) N F.

Observe that if for some of the vertices ify the lowest rank of self-loops is lower than the lowest rank
of the parallel edges connecting this vertex to the cornmedipg vertex inl/, then one of the self-loops is
selected for the maximal matching as opposed to the pagaliggs. The inequality on ranks does not hold
with probability at most//(32d/¢) = ¢/32 independently for each vertex In. It therefore follows from
the Chernoff bound that the number of edgeMﬁ(G) N F is not bounded by\V\/lb‘ with probability at
mostexp(—e|V|/32), which is less than /20 if |[V/| > 100/, and we can assume that this is the case. (To
circumvent the case q)f/\ < 100/¢, we can modify the algorithm as follows. If a sampled vertelohgs
to a connected component ¥ of size at most00/¢, then we can read its connected componerﬁ* iand
deterministically find a maximal matching that uses onlyesdip £ and self-loops ink. This all takes at
mostO(d/e?) time, which as we see later, we are allowed to spend per eaghiesé vertex.) Therefore, we
have N
ICT(G) N V| < 2VCopi(G) + €|V /4,

with probability at least — 1/20.

Observe that given query accessipwe can efficiently provide query access{o Degrees of vertices
in  are the same as ifi. For associated vertices Wit is easy to compute their degree(X{1) time, using
the degree of the corresponding vertexinTo answer neighbor queries for vertices V, except for the

fixed connections to’, it suffices to notice that if the corresponding edgéiis connected to a vertex ih,
this connection is replaced by a connection to an apprepviattexv,. Otherwise, the edge remains fin

37



For verticesy/ some number of connections can either be a connection tothesponding or a self-loop.
This can be checked (1) time with a single query to the neighborhood listofAll the other edges are
fixed. Therefore, we can simulate an execution of the verteser and the maximal-matching oracles on
G. Answering every query t6; requiresO(1) time andO(1) queries toG. Sampling vertices uniformly
at random from in/ U V is more involved, but in our algorithm, we only need to sanmyglgices fromV/,
which we assume we can do.

The expected number of recursive calls to the maximal magcbiacle is bounded b@(d/€?) for a
random vertexs € V U V, because the maximum degree and the minimum degree are aifactor of
O(1/¢) and the maximum degree is bounded®fi/¢). Note that since|V| > |V/|, this expectation for a
random vertex € V is at most twice as much, i.e., it is still(d/¢?).

For any ranking® of edges inG, if we sampleO(1/€?) vertices fromV with replacement, then the
fraction of those for which the oracle answewrsuE is within an additive erroe/8 of the total fraction of
vertices for which the oracle answergue. with probability 1 — 1/20. Let n be the fraction of sampled
vertices. We have

VCopt(G) —en/8 < pu-n <2VCopi(G) + en/4 + en/8 + en/8

with probability 1 — 1/10. Then(x + ¢/8)n is the desired 2, en)-estimate. The expected number of
calls to the vertex cover and maximal matching oracles isded byO(d/e*). As before, without loss of
generality, this quantity can be bounded®yn°), which fits into a constant number of machine words. By
applying now Theorem 4.13, we obtain an implementation efaigorithm. It runs irO(d/e® - log®(d/e))
time and make®(d/e® - log?(d/¢)) queries. Moreover, the probability that the implementatiiverges
from the ideal algorithm is bounded hy5. Therefore, the implementation output§2aen)-estimate with
probability at least — 1/5 —1/10 > 2/3.

Corollary 5.2 There is an algorithm that mak@;(ei; -log? Cg) neighbor and degree queries, runs(mei; .
log® g) time, and with probability2/3, outputs a2, en)-estimate to the minimum vertex cover size.

5.3 Adapting the Algorithm to the Vertex-Pair Query Model

The focus of this paper was on designing a sublinear-timeridtgn whose access to the graph is via degree
queries and neighbor queries. In other words, we assumédhinagraph was represented by adjacency
lists (of known lengths). When a graph is dense (i.e., whemtimber of edges i8(n?)), then a natural
alternative representation is by an adjacency matrix. fépsesentation supports queries of the form: “Is
there an edge between vertexand vertexy?”, which we refer to agertex-pairqueries.

We next show how to adapt the algorithm described in the pusvsection to an algorithm that per-
forms vertex-pair queries. The query complexity and rugrime of the algorithm are (with high constant
probability) O(n/€e*), which is linear in the average degree for dense graphs. eiprevious section, the
algorithm outputs (with high constant probability} & ¢)-estimate of the size of the minimum vertex cover.
We recall that the linear lower bound in the average degre®Palso holds for the case that the average
degree i (n) and when vertex-pair queries are allowed.

Given a graphG = (V, E), let G = (V, E) be a supergraph of that is defined as follows. For
every vertexv € V whose degree iii is less thah n, there exists a vertexX' € V, where there are

"If there are no self-loops in the original graph, then thertwbisn — 1.
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n — degq (v

) parallel edges betweenand’, and there ar¢8/¢)n self-loops incident ta’. As shown in

Subsection 5.1, with high probability over the choice of mkiag 7 over G, we have thatC™(G) N V| <
2VCopt (G) + (¢/4)n.

Note that we can emulate neighbor querieétgiven access to vertex-pair queriegiras follows. Let
the vertices inG be {1,...,n}. When thej*" neighbor of vertex is queried, then the answer to the query
is j when(i,j) € E, and it isi’ (the new auxiliary vertex adjacent tpwhen(i,j) ¢ E. The degree of
every vertex in/ is n, so there is no need to perform degree queries. Since tlodetiveen the maximum
degree and the minimum degree(ifis at mostl /¢, and the maximum and average degreesHre/c), we
obtain an algorithm whose complexity@n/e*), as claimed.
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